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Motivation

-

Goal: Solve numerically a time-harmonic problem in electromagnetism, setin a
heterogeneous medium like below.

dielectric

metamaterial

Q,

The domain €: Q,

€,u<0

At a given frequency w, the (negative) metamaterial is modelled as a material with
real, strictly negative, electric permittivity £ and magnetic permeability ..

|

Nice, April 2011 — p.3/21



Motivation

-

Goal: Solve numerically a time-harmonic problem in electromagnetism, setin a
heterogeneous medium like below.

dielectric

metamaterial

Q,

The domain €: Q,

€,u<0

€ = €effective(w) <0

in a (negative) metamaterial, in some frequency ranges.
H = Meffective(w) <0
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Motivation
- -

Goal: Solve numerically a time-harmonic problem in electromagnetism, setin a
heterogeneous medium like below.

dielectric

metamaterial

Q,

The domain €: Q,

€,u<0

g:=¢ ve (W <0 . - ial. |
ef fective(w) in a (negative) metamaterial, in some frequency ranges.
o= /JJeffective(w) <0

NB. In general, e¢ f fective (w) = &’ + 12", (¢/,€”) € R?, and it can happen that
e’ << |€’|, so we neglect the imaginary part ; similarly for pie f fective (w).
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-

Motivation

® Goal: Solve numerically a time-harmonic problem in electromagnetism, set in a

heterogeneous medium like below.

The domain €2;

® Possible practical applications:
® perfectlens
® photonic traps

dielectric

metamaterial

Q,

Q,

€,u<0

, etc.

-
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-

Motivation

® Goal: Solve numerically a time-harmonic problem in electromagnetism, set in a

heterogeneous medium like below.

dielectric

metamaterial

Q,

The domain €: Q,

€,u<0

® Questions:
#® |s the problem to be solved well-posed?
® How to compute a numerical approximation of the solution?
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Maxwell problem (electric field)

® Givenw > 0 and source terms J € L?(Q2), o € H=1(Q) (div J — we = 0).
[ Find E € L2(Q) with curl E € L2(Q) sit.
J curl (u_lcurl E) —w2e E = wJ in €2 ;
dive E = p in Q ;
| Exn=0 on of2.
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Maxwell problem (electric field)

® Givenw > 0 and source terms J € L?(Q2), o € H=1(Q) (div J — we = 0).
[ Find E € L2(Q) with curl E € L2(Q) sit.
J curl (,u,_lcurl E) —w2e E = wJ in €2 ;
dive E = p in Q ;
| Exn=0 on of2.

® First, solve (assume that 65 is connected):

Find o € H}(Q) s.t.
(P,) peMmmst
divegrad o = o In 2.

_ |

" Nice, April 2011 — p.4/21



Maxwell problem (electric field)

® Givenw > 0 and source terms J € L?(Q2), o € H=1(Q) (div J — we = 0).
[ Find E € L2(Q) with curl E € L2(Q) sit.
J curl (,u,_lcurl E) —w2e E = wJ in €2 ;
dive E = p in Q ;
| Exn=0 on of2.

® First, solve (assume that 65 is connected):

Find ¢ € H}(Q2) s.t.

(Pp)
’ divegrad o = ¢ in €.

® Second, set K := wdJ + w?e grad ¢, and solve:

[ Find E' € L2(Q) with curl E' € L2(Q) sit.
curl (p tcurl E') —w?c E = K inQ ;
(Pe) § . .
dive E' =0 in Q ;
\ E'xn=0 on Of).
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Maxwell problem (electric field)

.

® Givenw > 0 and source terms J € L?(Q2), o € H=1(Q) (div J — we = 0).
Find E € L?(Q) with curl E € L?(Q) s.t.
curl (,u,_lcurl E) —w2e E = wJ in €2 ;
dive E = p in Q ;
Exn=0 on of2.

\

® First, solve (assume that 65 is connected):

(Py)

Find ¢ € H}(Q2) s.t.

divegrad o = ¢ in €.

® Second, set K := wdJ + w?e grad ¢, and solve:

(Pg)

® The electric field

[ Find E' € L2(Q) with curl E' € L2(Q) sit.

) curl (p tcurl E') —w?c E = K inQ ;
dive E' =0 in Q ;

| E'xn=0 on 9.

E := E’ 4 grad ¢ | solves the Maxwell problem.
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Maxwell problem (electric field)-2
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® Classically, one solves equivalent Variational Formulations.
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Maxwell problem (electric field)-2

- N

® Classically, one solves equivalent Variational Formulations.

® First, in H}(Q):

Find ¢ € H}(Q) s.t.
(VFSO) v 1 wvadd _
wen}(©), [ cerade-gradva2=—(o.v).

® Second,in Hyo(curl;Q) := {F € L?*(Q) |curl F € L?*(Q), F x ng0 = 0}:

( Find E' € Ho(curl; Q) s.t.

VF € Hy(curl; ), /,u_lcurlE’-curleQ

(VFE) S 2 _ _

—wQ/sE’-FdQ:/K-FdQ;
Q Q

dive E' =0 in.

\
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Indefinite problems

At the crossing of the
interface, both = and u
exhibit a sign-shift.
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Indefinite problems

dielectric

At the crossing of the
interface, both = and u
exhibit a sign-shift.

® The permittivity € has a sign-shift:

The form (v, v’) — / e grad 1 - grad ¢’ dSQ2 is indefinite.
Q
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Indefinite problems

dielectric

At the crossing of the
interface, both = and u
exhibit a sign-shift.

® The permeability 1 has a sign-shift:

The form (F, F') — / p " teurl F - curl F/ dQ) is indefinite.
Q
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Indefinite problems

dielectric

At the crossing of the
interface, both = and u
exhibit a sign-shift.

® The permeability 1 has a sign-shift:

The form (F, F') — / p " teurl F - curl F/ dQ) is indefinite.
Q
In addition, what are the properties of the "electric" functional space

X.(Q):={F € Ho(curl; Q) |dive F € L*(Q)} ?
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Indefinite problems

dielectric

At the crossing of the
interface, both = and u
exhibit a sign-shift.

® The permeability 1 has a sign-shift:

The form (F, F') — / p " teurl F - curl F/ dQ) is indefinite.
Q
In addition, what are the properties of the "electric" functional space
X.(Q):={F € Ho(curl; Q) |dive F € L*(Q)} ?

Namely, the compact imbedding of X -(Q) into L2 ().
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Indefinite problems

dielectric

At the crossing of the
interface, both = and u
exhibit a sign-shift.

® The permeability 1 has a sign-shift:

The form (F, F') — / p " teurl F - curl F/ dQ) is indefinite.
Q
In addition, what are the properties of the "electric" functional space
X.(Q):={F € Ho(curl; Q) |dive F € L*(Q)} ?

Namely, the compact imbedding of X -(Q) into L?():
Then (F, F’) — w? / e F- F' dQ is treated as a compact perturbation term.
“ |
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Indefinite problems

dielectric

At the crossing of the
interface, both = and u
exhibit a sign-shift.

® The permeability 1. has a sign-shift:
The form (F, F') — /Q p " teurl F - curl F/ dQ) is indefinite.
In addition, what are the properties of the "electric" functional space
X.(Q):={F € Ho(curl; Q) |dive F € L*(Q)} ?

Namely, the compact imbedding of X -(Q) into L?():

From now on, we focus mainly on the indefiniteness |.
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Indefinite problems-2

- N

® To fix ideas, we consider Problem (P,), ie. the Variational Formulation

Find o € H}(22) s.t.
VENS o o
b € HY(), /Qegradso grad  d = — (o, ).
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® To fix ideas, we consider Problem (P,), ie. the Variational Formulation

Find o € H}(22) s.t.
VENS o o
b € HY(), /Qegradso grad  d = — (o, ).

® We "simplify" the Problem (Pg) by considering the Transverse Magnetic mode.
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Indefinite problems-2
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® To fix ideas, we consider Problem (P,), ie. the Variational Formulation

Find o € H}(22) s.t.
VE) S -
b € HY(), /Qegradso grad  d = — (o, ).

® We "simplify" the Problem (Pg) by considering the Transverse Magnetic mode.

It is set in an infinite cylinder, 2, x R. Moreover 9, - = 0.
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Indefinite problems-2

To fix ideas, we consider Problem (P, ), ie. the Variational Formulation

Find o € H}(22) s.t.
VE) S -
b € HY(), /Qegradso grad  d = — (o, ).

We "simplify" the Problem (Pg) by considering the Transverse Magnetic mode.
It is set in an infinite cylinder, 2, x R. Moreover 9, - = 0.

The scalar electric field E. is governed by

( Find E. € HI(Q)) s.t.

(VF ) < VF € H(%(QJ_% / ,u_lgrad Ez . gradFdQJ_
E. Q.

—w2/ 5EZFdQL:zw/ J,FdQ | .
Q) Q)

|
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Indefinite problems-2
-

To fix ideas, we consider Problem (P, ), ie. the Variational Formulation
Find o € H}(22) s.t.

(VFy) Vb € H&(Q), /Qggradgp -grad ¢ dQ2 = —(0,v).

We "simplify" the Problem (Pg) by considering the Transverse Magnetic mode.
It is set in an infinite cylinder, 2, x R. Moreover 9, - = 0.

The scalar electric field E. is governed by

( Find E. € HI(Q)) s.t.

(VF ) < VF € H(%(QJ_% / ,u_lgrad Ez . gradFdQJ_
E. Q.

—w2/ 5EZFdQL:zw/ J,FdQ | .
Q) Q)

NB. (F, F') — w? / e FF' dQ | is obviously a compact perturbation term.

. B
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Abstract setting
f P et T

® V be a Hilbert space;
® a(-,-) be acontinuous sesquilinear form over V- x V';
® f be an element of V’, the dual space of V.
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Abstract setting
f P et

® V be a Hilbert space;
® qa(-,-) be acontinuous sesquilinear form over V- x V;
® f be an element of V’, the dual space of V.

® Solve the Variational Formulation

Find uw € V s.t.
(VF) { !

Yo €V, a(u,v) = (f,v).
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ADbstract setting
f P et —‘

® V be a Hilbert space;
® qa(-,-) be acontinuous sesquilinear form over V- x V;
® f be an element of V’, the dual space of V.

® Solve the Variational Formulation

Findu € V s.t.
(VE)
{ Vo eV, a(u,v) = (f,v).

The Problem (V' F') is well-posed if, and only if, for all f, it has one and
only one solution u, with continuous dependence:

3C >0, VeV, |lully < Cfllv
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ADbstract setting
f P et —‘

® V be a Hilbert space;
® qa(-,-) be acontinuous sesquilinear form over V- x V;
® f be an element of V’, the dual space of V.

® Solve the Variational Formulation

Findu € V s.t.
(VE)
{ Vo eV, a(u,v) = (f,v).

The Problem (V' F') is well-posed if, and only if, for all f, it has one and
only one solution u, with continuous dependence:

3C >0, VeV, |lully < Cfllv

How can one prove well-posedness?
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ADbstract setting
f P et —‘

® V be a Hilbert space;
® qa(-,-) be acontinuous sesquilinear form over V- x V;
® f be an element of V’, the dual space of V.

® Solve the Variational Formulation

Findu € V s.t.
(VE)
{ Vo eV, a(u,v) = (f,v).

The Problem (V' F') is well-posed if, and only if, for all f, it has one and
only one solution u, with continuous dependence:

3C >0, VeV, |lully < Cfllv

How can one prove well-posedness?

OK provided that a(-, -) is coercive!
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NB.

Abstract setting-2

Introduce the two conditions

(BNB1) da’ >0, Vv €V, sup M

>a' flv|ly.
weV\{0} |w|v

(BN B2) Vw eV : {Vv eV, alv,w) =0} = {w = 0}.

Condition (BN Bj) is called an inf-sup condition, or a stability condition.
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Abstract setting-2
|

Introduce the two conditions

(BNB1) da’ >0, Vv €V, sup M

>a' flv|ly.
weV\{0} |w|v

(BN B2) Vw eV : {Vv eV, alv,w) =0} = {w = 0}.

NB. Condition (BN Bj) is called an inf-sup condition, or a stability condition.

® Theorem (Well-posedness) The two assertions below are equivalent:
(i) the Problem (V' F') is well-posed;
(i) the form a(-, -) satisfies conditions (BN B1) and (BN B2).
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Abstract setting-2
|

Introduce the two conditions

(BNB1) da’ >0, Vv €V, sup M

>a' flv|ly.
weV\{0} |w|v

(BN B2) Vw eV : {Vv eV, alv,w) =0} = {w = 0}.

NB. Condition (BN Bj) is called an inf-sup condition, or a stability condition.

® Definition ( T-coercivity) The form a(-, -) is T-coercive if

3T € L£(V), bijective, 3o > 0, Vv € V, |a(v, Tv)| > a||v||3 .
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Abstract setting-2

Introduce the two conditions

(BNB1) da’ >0, Vv €V, sup M

> o [Jv]|v.
weV\{0} HwHV

(BN B2) Vw eV : {Vv eV, alv,w) =0} = {w = 0}.
NB. Condition (BN Bj) is called an inf-sup condition, or a stability condition.
Definition ( T-coercivity) The form a(-, -) is T-coercive if

3T € L£(V), bijective, 3o > 0, Vv € V, |a(v, Tv)| > a||v||3 .

Theorem (Well-posedness) The three assertions below are equivalent:
(i) the Problem (V' F') is well-posed;

(i) the form a(-, -) satisfies conditions (BN B1) and (BN B2).

(i) the form a(-, ) is T-coercive.
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Abstract setting-3
=

® Solve the coercive+compact Variational Formulation

Find v € V s.t.

VFeic
e { Vo € V, ao(u,v) + c(u,v) = (f,v),

with ag (-, ) and ¢(-, -) two continuous sesquilinear forms over V' x V:
(c1) Theform ag(-,-) is T-coercive;
(c2) The operator C € £(V) associated to c(-, -) is compact.
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Abstract setting-3
=

® Solve the coercive+compact Variational Formulation

Find v € V s.t.

VFC C
) { Vo € V, ao(u,v) + c(u,v) = (f,v),

with ag (-, ) and ¢(-, -) two continuous sesquilinear forms over V' x V:
(c1) Theform ag(-,-) is T-coercive;
(c2) The operator C € £(V) associated to c(-, -) is compact.

® Definition (Uniqueness principle) The Problem (V F.. ) satisfies a
uniqueness principle if, and only if, f = 0 implies v = 0.
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Abstract setting-3
B -

® Solve the coercive+compact Variational Formulation

Find v € V s.t.

VFC C
) { Vo € V, ao(u,v) + c(u,v) = (f,v),

with ag (-, ) and ¢(-, -) two continuous sesquilinear forms over V' x V:
(c1) Theform ag(-,-) is T-coercive;
(c2) The operator C € £(V) associated to c(-, -) is compact.

® Definition (Uniqueness principle) The Problem (V F.. ) satisfies a
uniqueness principle if, and only if, f = 0 implies v = 0.

® Theorem (Well-posedness) Assume that (c1) and (c2) hold, and that the Problem
(V F.4.) satisfies a uniqueness principle. Then, it is well-posed.

(cf. )
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Abstract setting-3
=

® Solve the coercive+compact Variational Formulation

Find uw € V s.t.
(VFC+C)
Vo €V, ao(u,v) + c(u,v) = (f,v),

with ag (-, ) and ¢(-, -) two continuous sesquilinear forms over V' x V:
(c1) Theform ag(-,-) is T-coercive;
(c2) The operator C € £(V) associated to c(-, -) is compact.

® Definition (Uniqueness principle) The Problem (V F.. ) satisfies a
uniqueness principle if, and only if, f = 0 implies v = 0.

® Theorem (Well-posedness) Assume that (c1) and (c2) hold, and that the Problem
(V F.4.) satisfies a uniqueness principle. Then, it is well-posed.

(cf. )

NB. The operator associated to (ag + ¢)(-, -) is Fredholm of index O (and injective).
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Practical T-coercivity

- N

® Inour case (Problem (V F,,)):
® O 0 andQaredomainsof R4, d>1: Q1NN =0,0=Q,UQ, ;
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Practical T-coercivity
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® Inour case (Problem (V F,,)):
® O 0 andQaredomainsof R4, d>1: Q1NN =0,0=Q,UQ, ;
® theinterfaceis ¥ := Q1 N Q5 ; the boundariesare I'y, := 90 N O, k= 1,2;
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Practical T-coercivity

- N

® Inour case (Problem (V F,,)):
® O 0 andQaredomainsof R4, d>1: Q1NN =0,0=Q,UQ, ;
® theinterfaceis ¥ := Q1 N Q5 ; the boundariesare I'y, := 90 N O, k= 1,2;

® V:=H}(Q);theformis a(v,w) := / o grad v - grad w df).
Q
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Practical T-coercivity

- N

® Inour case (Problem (V F,,)):
® O 0 andQaredomainsof R4, d>1: Q1NN =0,0=Q,UQ, ;
® theinterfaceis ¥ := Q1 N Q5 ; the boundariesare I'y, := 90 N O, k= 1,2;

® V:=H}(Q);theformis a(v,w) := / o grad v - grad w df).
Q

® introduce Vi, := {vx, € H'(Q%) |vgr, =0}, k=1,2:

V ={v|vq, € Vi, k=1,2, Matchingy,(v|q,,v|q,) = 0}

with Matchingy, (v1, v2) := Vi|s — V2%
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Practical T-coercivity

- N

® Inour case (Problem (V F,,)):
® O 0 andQaredomainsof R4, d>1: Q1NN =0,0=Q,UQ, ;
® theinterfaceis ¥ := Q1 N Q5 ; the boundariesare I'y, := 90 N O, k= 1,2;
® V= HL(Q); the form is a(v, w) = / o grad v - grad w d2.
Q

® Introduce ay (vi,wy) = / orgrad vy - grad wy, dS2, k = 1, 2:
Qg

Vo, w eV, CL(’U,’(U) — al(U|Q17w|Q1> + a2(U|Q27w|Qg)
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Practical T-coercivity

- N

® Inour case (Problem (V F,,)):
® O 0 andQaredomainsof R4, d>1: Q1NN =0,0=Q,UQ, ;
® theinterfaceis ¥ := Q1 N Q5 ; the boundariesare I'y, := 90 N O, k= 1,2;
® V= HL(Q); the form is a(v, w) = / o grad v - grad w d2.
Q

® Introduce ay (vi,wy) = / orgrad vy - grad wy, dS2, k = 1, 2:
Qg

Vo,w €V, a(v,w) = a1(vjq,, W)q,) + a2(v)ja,, Wa,) |;

Yy € Vl,al_ngadleiz(Ql) < +ai(vi,vr) < angradle

2
L2(y) S

2 :
L2(Qq)’

2

_QQ(UQ,UQ) S O'SL||gI'ad’02||L2(QQ).

Vug € Va, 0, ||grad vs||

NB. We assume 0 < o, < 0" < oo,k =1,2.

_ |
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Practical T-coercivity-2

-

® First try:

in 2
e HAQ), T_wvi=4{ + 1.
—V2 In Qo



Practical T-coercivity-2

-

® First try:

V1 in Ql

Yo e HY(Q), T_v:= _ :
—V2 In Qo

(+) Obviously, (T_)? = 1.
(- ButT_ ¢ L(HL(Q)), because the matching condition is not enforced.
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Practical T-coercivity-2

- N

® First try:

in 2
e HEQ), T_vi=4 + 1
—V2 In Qo

(+) Obviously, (T_)? = 1.
(- ButT_ ¢ L(HL(Q)), because the matching condition is not enforced.

® Secondtry: let Ry € £(V4, V2) s.t. forall vy € Vi, Matchings: (v1, Riv1) = 0.

v in €2
Vo e HY(Q), Tv:i=4 o
—v9+2Rq1 v In Q9

_ |
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(+)

Practical T-coercivity-2

First try:

in 2
e HEQ), T_vi=4 + 1
—V2 In Qo

Obviously, (T_)? = I.

But T_ ¢ L(H}(Q)), because the matching condition is not enforced.

Second try: let Ry € L(V1, V2) s.t. for all v; € V1, Matchingy, (v, Riv1) = 0.

in €2
vo e HYQ), Toi={ o
—v9+2Rq1 v In Q9

T € L(H}()).

One checks easily that T? = 1!

|
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Practical T-coercivity-2

® First try:

in 2
e HEQ), T_vi=4 + 1
—V2 In Qo

(+) Obviously, (T_)? = 1.
(- ButT_ ¢ L(HL(Q)), because the matching condition is not enforced.

® Secondtry: let Ry € £(V4, V2) s.t. forall vy € Vi, Matchings: (v1, Riv1) = 0.

in
vo e HYQ), Toi={ o
—vo+2R1 v In Q9
724 — (T’U)l = V1 in 4
—(T’U>2 + 2Ry (T’U)l = —(—’02 + 2R ?)1) + 2R v1 = vo in 2o
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Practical T-coercivity-2

- N

® First try:

in 2
e HEQ), T_vi=4 + 1
—V2 In Qo

(+) Obviously, (T_)? = 1.
(- ButT_ ¢ L(HL(Q)), because the matching condition is not enforced.

® Secondtry: let Ry € £(V4, V2) s.t. forall vy € Vi, Matchings: (v1, Riv1) = 0.

in
vo e HYQ), Toi={ o
—vo+2R1 v In Q9
724 — (T’U)l = V1 in 4
—(T’U>2 + 2Ry (T’U)l = —(—’02 + 2R ’01) + 2R v1 = vo in 2o

Can one achieve T-coercivity?
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Practical T-coercivity-3

-

® Computations:

la(v, Tv)| la1(v1,v1) — a2(ve,v2) + 2a2(ve, R1 v1)|

la1(v1,v1) — az2(v2,v2)| — 2|az(ve, R1 v1)]

AVARR AV

o1 ||’01||%/1 — az(vz2,v2) — 2|az(vz, R1 v1)]

|
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Practical T-coercivity-3

- N

® Computations: let n > 0, apply Young’s inequality

la(v, Tv)| = l|a1(vi,v1) — az2(v2,v2) + 2a2(va, R1 v1))|
> Jai(vi,v1) — az2(v2,v2)| — 2|az(vz, R1 v1)]
> oy vy, — a2(v2,v2) — 2[az(v2, R1 v1))
> oy |lvll§, — a2(va,v2) + naz(v2,v2) + 1~ 'az(R1vi, Ry v1)
> (o =0 toy [[IRID)rllf; — (1 = n)az (v, v2).

_ |
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Practical T-coercivity-3

- N

® Computations: let n > 0, apply Young’s inequality

la(v, Tv)| = l|a1(vi,v1) — az2(v2,v2) + 2a2(va, R1 v1))|
> ai(vi,v1) — a2(v2,v2)| — 2|az(ve, R1v1)]
> oy ||'1)1||%/1 — a2(v2,v2) — 2|az(v2, R1v1)|
> oy |lvll§, — a2(va,v2) + naz(v2,v2) + 1~ 'az(R1vi, Ry v1)
> (o7 =0 tog IR o1]l¥, — (1 = n)az(ve, v2).

® Toobtain |a(v, Tv)| > a(n) ||v||?, for some n > 0, one needs

91
+
09

> |I[Ral]]*.

_ |
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Practical T-coercivity-4

- N

® Third try: let Ry € L(V2, V1) s.t. for all v2 € Va, Matchingy, ( Rava, v2) = 0.

v1—2R9 vo in Ql

Yo € H3(Q), Tuv:= .
—V2 in QQ

_ |
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Practical T-coercivity-4

- N

® Third try: let Ry € L(V2, V1) s.t. for all v2 € Va, Matchingy, ( Rava, v2) = 0.

—2R in Q2
vo € HL(Q), T’U:—{ vrmeie b !

—V2 in QQ

(+) T € L(H)).
(+) One checks easily that T? = 1!

_ |
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Practical T-coercivity-4

-

—2R in Q2
vo € HL(Q), -rvk_{ vrmeie b !

—v2 in Qo
(+) T e L(HLDQ)).
(+) One checks easily that T? = 1!
® Toobtain |a(v, Tv)| > a||v]|?,, one needs
> ||| Ra|[*.

92
+
g4

® Third try: let Ry € L(V2, V1) s.t. for all v2 € Va, Matchingy, ( Rava, v2) = 0.

|
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Practical T-coercivity-4

- N

® Third try: let Ry € L(V2, V1) s.t. for all v2 € Va, Matchingy, ( Rava, v2) = 0.

Yo € H3(Q), Tuv:=

v1—2R25 vo in Ql
—V2 in QQ

(+) T e L(HLDQ)).
(+) One checks easily that T? = 1!
® Toobtain |a(v, Tv)| > a||v]|?,, one needs

Oy 2
— > [|[Rz|[]".
g1

® Conclusion: | to achieve T-coercivity |, one needs

o4 2 Oo 2
7> (eimll) o %> (wrlliral)
o Ry o Ro
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Optimality of T-coercivity
=

® Study of an elementary setting:
® piecewise constant coefficient o ;
in this case, 0, = o] =01, and o, = o) = |oa|;

. o
define the contrast k, = — €] — o0, 0]

01

_ |

" Nice, April 2011 — p.15/21



Optimality of T-coercivity
=

® Study of an elementary setting:
® piecewise constant coefficient o ;
in this case, 0, = o] =01, and o, = o) = |oa|;

. o)
define the contrast kK, = 22

01

® Firstcase: 01 # —039, Of ke # —1, in @ symmetric geometry.

Y

O 2 | 7

Sample symmetric geometry:

_ |
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Optimality of T-coercivity

Study of an elementary setting:
® piecewise constant coefficient o ;

in this case, 0, = o] =01, and o, = o) = |oa|;
. o2
define the contrast K, = —.
o1

First case: o1 # —o2, Of kK # —1, In @ symmetric geometry.

Let Ry € E(Vl, VQ) s.t. forallv; € Vi, Rivy (ZIZ, y) = V1 (ZIZ, —y), a.e. in Q.
One finds [[|R1]|| = 1.

. .. 01
To achieve T-coercivity, one needs _| > 1.
02

|
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Optimality of T-coercivity

Study of an elementary setting:
® piecewise constant coefficient o ;
in this case, 0, = o] =01, and o, = o) = |oa|;
op)

define the contrast Kk, = —.
o1

First case: o1 # —o2, Of kK # —1, In @ symmetric geometry.
Let Ry € E(Vl, VQ) s.t. forallv; € Vi, Rivy (ZIZ, y) = V1 (ZIZ, —y), a.e. in Q.

One finds [||R1]|| = 1.

. .. 01
To achieve T-coercivity, one needs _| > 1.
02

Let Ry € ﬁ(VQ, Vl) s.t. for all vy € Vo, Rowvs (CB, y) = V9 (q;, —y), a.e. in Q7.
One finds ||| Ra]|| = 1.

. .o o2
To achieve T-coercivity, one needs u > 1.
o1

|
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Optimality of T-coercivity

Study of an elementary setting:
® piecewise constant coefficient o ;
in this case, 0, = o] =01, and o, = o) = |oa|;

. o)
define the contrast kK, = 22

o1
® Firstcase: 01 # —039, Of ke # —1, in @ symmetric geometry.
Let Ry € E(Vl, VQ) s.t. forallv; € Vi, Rivy (ZIZ, y) = V1 (ZIZ, —y), a.e. in Q.
One finds [||R1]|| = 1.

. .. 01
To achieve T-coercivity, one needs _| > 1.
02

Let Ry € ﬁ(VQ, Vl) s.t. for all vy € Vo, Rowvs (CB, y) = V9 (q;, —y), a.e. in Q7.
One finds ||| Ra]|| = 1.

. .o o2
To achieve T-coercivity, one needs u > 1.
o1

® Conclusion: | Problem (V F,,) is well-posed when ks # —1 |
> Nice, April 2011 — p.15/21



Optimality of T-coercivity-2

- N

® Study of an elementary setting:
® piecewise constant coefficient o.
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Optimality of T-coercivity-2
=

® Study of an elementary setting:
® piecewise constant coefficient o.

® Secondcase: 01 = —0o2, Of kg = —1, in @ symmetric geometry.
Y
2
O .\

Sample symmetric geometry:
(2o
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Optimality of T-coercivity-2
-

Study of an elementary setting:
® piecewise constant coefficient o.

Second case: 01 = —o32, Or K, = —1, INn @ Ssymmetric geometry.

Let g € C3°(X) and solve for k =1, 2

[ Find Uy, € Hg . (9) st

y AU, =0 ian;
U =g on ..

\

Define u by u|q, = Uy, k = 1,2: Matchingy (u|q, ,ujq,) = 0,S0 u € H} (D).

|
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Optimality of T-coercivity-2
-

Study of an elementary setting:
® piecewise constant coefficient o.

Second case: 01 = —o32, Or K, = —1, INn @ Ssymmetric geometry.

Let g € C3°(X) and solve for k =1, 2

[ Find Uy, € Hg . (9) st

y AU, =0 ian;
U =g on ..

\

Define u by u|q, = Uy, k = 1,2: Matchingy (u|q, ,ujq,) = 0,S0 u € H} (D).
. 0 0
By symmetry, u(z, —y) = u(zx,y) a.e. in 2: so o1 % = 02% on 3.
Yy Y

|

Nice, April 2011 — p.16/21



Optimality of T-coercivity-2
-

Study of an elementary setting:
® piecewise constant coefficient o.

Second case: 01 = —o32, Or K, = —1, INn @ Ssymmetric geometry.

Let g € C3°(X) and solve for k =1, 2

[ Find Uy, € Hg . (9) st

y AU, =0 ian;
U =g on ..

\

Define u by u|q, = Uy, k = 1,2: Matchingy (u|q, ,ujq,) = 0,S0 u € H} (D).
. 0 0
By symmetry, u(z, —y) = u(zx,y) a.e. in 2: so o1 % = 02% on 3.
Yy Y

It follows that w € H{ (€2), with divo grad u = 0 in €.

|
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Optimality of T-coercivity-2
-

Study of an elementary setting:
® piecewise constant coefficient o.

Second case: 01 = —o32, Or K, = —1, INn @ Ssymmetric geometry.

Let g € C3°(X) and solve for k =1, 2

[ Find Uy, € Hg . (9) st

y AU, =0 ian;
U =g on ..

\

Define u by u|q, = Uy, k = 1,2: Matchingy (u|q, ,ujq,) = 0,S0 u € H} (D).

. 0 0
By symmetry, u(z, —y) = u(zx,y) a.e. in 2: so o1 7 _ agﬂ on 3.

Ay Ay
It follows that w € H{ (€2), with divo grad u = 0 in €.

Conclusion: | Problem (V F,,) is ill-posed when x, = —1 | (Critical case.)
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Optimality of T-coercivity-3
- -

® Simple geometries:

1. Symmetric geometry



Optimality of T-coercivity-3
- -

® Simple geometries:
1. Symmetric geometry

2. Interface with an interior vertex

Sample geometry:

_ |
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Optimality of T-coercivity-3
- -

® Simple geometries:
1. Symmetric geometry
2. Interface with an interior vertex

3. Interface with a boundary vertex

Sample geometry: BN

_ |
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Optimality of T-coercivity-3
- -

® Simple geometries:
1. Symmetric geometry
2. Interface with an interior vertex

3. Interface with a boundary vertex

4. Cl-class interface Y

/\/—\/

£
M

Sample geometry:

L %

/_\/\_/
O 1 =z

_ |
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Optimality of T-coercivity-3
- -

® Simple geometries:
1. Symmetric geometry
2. Interface with an interior vertex
3. Interface with a boundary vertex

4. Cl-class interface

® Handle general geometries by localization.

_ |
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Optimality of T-coercivity-3
- -

® Simple geometries:
1. Symmetric geometry
2. Interface with an interior vertex
3. Interface with a boundary vertex

4. Cl-class interface

® Handle general geometries by localization.
® Build a partition of unity, and use the T-coercivity results locally.
& A priori estimate: there exists an interval Iy, of | — 00, 0] s.t. if ks & I, then

3C > 0, Yv € Hy(Q), ol g1 (@) < CHlldivograd vl g—1(q) + lvllL2 (o)}

® Use to conclude.

_ |
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Optimality of T-coercivity-3
- -

® Simple geometries:
1. Symmetric geometry
2. Interface with an interior vertex
3. Interface with a boundary vertex

4. Cl-class interface

® Handle general geometries by localization.

If ko & Iy;, then Problem (V F,) is well-posed in the Fredholm sense.

#® Inthis case, the associated operator is Fredholm of index O.

_ |
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Optimality of T-coercivity-3
- -

® Simple geometries:
1. Symmetric geometry
2. Interface with an interior vertex
3. Interface with a boundary vertex

4. Cl-class interface

® Handle general geometries by localization.

If ko & Iy;, then Problem (V F,) is well-posed in the Fredholm sense.

In this case, the associated operator is Fredholm of index O.
The interval Ix; always contains —1.
If the interface is C! without endpoints, then I, = {—1}.

L I

Problem (V Fg_ ) can be solved similarly.

_ |
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Optimality of T-coercivity-4
. .

® \When is the operator
® Fredholm (of index 0);
#® or not Fredholm? (Critical case.)



Optimality of T-coercivity-4
. .

® \When is the operator
® Fredholm (of index 0);
#® or not Fredholm? (Critical case.)

When is it Fredholm of index 0? (use the previous result)
Locally symmetric geometry: 2.
b y 1y g y Ql Q2
Ko —1.

_ |
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Optimality of T-coercivity-4
. .

® \When is the operator
® Fredholm (of index 0);
#® or not Fredholm? (Critical case.)

When is it Fredholm of index 0? (use the previous result)
>
Right angles: 04 0y

Ro € [_3, —1/3]

_ |
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Optimality of T-coercivity-4
. .

® \When is the operator
® Fredholm (of index 0);
#® or not Fredholm? (Critical case.)

When is it Fredholm of index 0? (use the previous result)

w/4
Boundary vertices with

angles /4 and 3 /4: 8 Q)
ke & [—3,—1/3]. {m/4

_ |
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Optimality of T-coercivity-4
. .

® \When is the operator
® Fredholm (of index 0);
#® or not Fredholm? (Critical case.)

When is it not Fredholm? (direct computations: line singularity)
. _ 3
Locally symmetric geometry: 0 1 0 5
ke = —1.

_ |
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Optimality of T-coercivity-4
. .

® \When is the operator
® Fredholm (of index 0);
#® or not Fredholm? (Critical case.)

When is it not Fredholm? (direct computations: pointwise singularity)
>
Right angles: 04 0y

ke €] —3,—1/3].

_ |
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Optimality of T-coercivity-4

-

® \When is the operator
® Fredholm (of index 0);
#® or not Fredholm? (Critical case.)

-

When is it not Fredholm? (direct computations: pointwise singularity)

Boundary vertices with
angles w/4 and 3w /4: 7
Kzo' E] - 3, _1/3[.

(/4

w/4

> s

|
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Numerical experiments

In a symmetric domain, made up of two adjacent squares.

An exact piecewise smooth solution of Problem (V' F,) is available.
Two contrasts: ks € {—2, —1.001}.

Discretization using P; Lagrange FE.

We study below the influence of the meshes.

|
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Numerical experiments

® |n a symmetric domain, made up of two adjacent squares.
® An exact piecewise smooth solution of Problem (V F,,) is available.
® Discretization using P; Lagrange FE.
® e study below the influence of the meshes.
® Contrast k, = —2:
Contrast =-2
- e Non symmetric mesh
ol o e Locally symmetric mesh
Symmetric mesh
-2.5~ ° * °
o
5
& 35 a=-0.98839
g
s a=-1.0021
o
sl
o
= a=-1.9994
-6 08 1 12 14 16 18 2 22 2 26
log(1/h)
E> .
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Numerical experiments

In a symmetric domain, made up of two adjacent squares.
An exact piecewise smooth solution of Problem (V' F,) is available.
Discretization using P; Lagrange FE.

We study below the influence of the meshes.

L 3 B B B

Contrast ko, = —1.001:

Contrast =—1.001

e Non symmetric mesh
e Locally symmetric mesh

o- Symmetric mesh

i ° ° ° ° . ° .
e ¢ ° ° ®
2, ¢ ® e ° a=-1.2433
o Tl
[«
=
B 3
(O]
14

i a=-1.2539

_5,

a=-1.9993

-6 | | | | | | | | | |

0.8 1 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6
log(1/h)

|
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Numerical experiments-2

In the unit cube, split in two halves (with 3 := {%}X]O, 1[x]0, 1]).
Piecewise constant ¢, u.

An exact piecewise smooth solution of Maxwell’'s equations is available.

L I I

Discretization of the augmented formulation
(setin X.(Q) = {F € Hy(curl;Q)|dive F € L?(Q)}.)

[ Find E/ € X.(Q) s.t.
VF € X:(Q), / p Y(curl E' - curl F + ¢ ?dive E'dive F) dQ
Q

7\

—w2/sE’-FdQ:/K-FdQ.
Q Q

_ |
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Numerical experiments-2

-

In the unit cube, split in two halves (with 3 := {%}X]O, 1[x]0, 1]).
Piecewise constant ¢, u.

An exact piecewise smooth solution of Maxwell’'s equations is available.

L I I

Discretization of the augmented formulation
(setin X.(Q) = {F € Hy(curl;Q)|dive F € L?(Q)}.)

o log(ll-1lcuny)

"Usual" case: w = 4,
(€1, p1) = (+1,+1),
(e2, u2) = (+1,+1),
with P> Lagrange FE.

Relative errors

L L L L L L |
0.7 0.8 0.9 2 13 1.4 15

‘1 1‘.1 1.
log(1/h)
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Numerical experiments-2

-

In the unit cube, split in two halves (with 3 := {%}X]O, 1[x]0, 1]).
Piecewise constant ¢, u.

An exact piecewise smooth solution of Maxwell’'s equations is available.

L I I

Discretization of the augmented formulation
(setin X.(Q) = {F € Hy(curl;Q)|dive F € L?(Q)}.)

o log(ll-1lcuny)

"Unusual" case: w = 4,
(e1,p1) = (+1,+1),

(€2, 12) = (=2, —3),
with P> Lagrange FE.

Relative errors

L L L L L L |
0.7 0.8 0.9 1.2 13 1.4 15

1 i1
log(1/h)
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Numerical experiments-2

In the unit cube, split in two halves (with & := {1} x]0, 1[x]0, 1]).
Piecewise constant ¢, u.

An exact piecewise smooth solution of Maxwell’'s equations is available.
Discretization of the augmented formulation [Jr'05]

(setin X.(Q) = {F € Ho(curl;Q)|dive F € L?(Q)}.)

"Unusual" case: w = 4,

(e1, 1) = (+1,+1),

(€2, p2) = (=2, —3),

computed electric field (E7).
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L 20 I B

Numerical experiments-2

-

In the unit cube, split in two halves (with & := {1} x]0, 1[x]0, 1]).
Piecewise constant ¢, u.

An exact piecewise smooth solution of Maxwell’'s equations is available.
Discretization of the augmented formulation [Jr'05]

(setin X.(Q) = {F € Ho(curl;Q)|dive F € L?(Q)}.)

"Unusual” case: w = 4,
(e1,p1) = (+1,41),

(€2, p2) = (=2, —3),
computed magnetic field (H?).
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Conclusions/Perspectives

- N

® For the scalar problems:

® numerical analysis when T-coercivity applies (cf.
, DG-approach , etc.) ;

® theoretical study of the critical cases (with )i
® discretization and numerical analysis of the critical cases.

_ |
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Conclusions/Perspectives

- N

® For the scalar problems:

® numerical analysis when T-coercivity applies (cf. :
, DG-approach , etc.) ;

® theoretical study of the critical cases (with )i
® discretization and numerical analysis of the critical cases.

® For the Maxwell problem(s):
® work out the theory of T-coercivity (side results: compact imbedding(s), etc.);
#® numerical analysis when T-coercivity applies.

_ |
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Conclusions/Perspectives

- N

® For the scalar problems:

® numerical analysis when T-coercivity applies (cf. :
, DG-approach , etc.) ;

® theoretical study of the critical cases (with )i
® discretization and numerical analysis of the critical cases.

® For the Maxwell problem(s):
® work out the theory of T-coercivity (side results: compact imbedding(s), etc.);
® numerical analysis when T-coercivity applies.

® In the critical cases: are models derived from physics still relevant?
® re-visit models (homogenization, multi-scale numerics, etc.).
(METAMATH Project, submitted to ANR ; coordinator ).

_ |
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