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Abstract This paper is the second part of a threefold article, aimed at solving
numerically the Poisson problem in three-dimensional prismatic or axisymmetric
domains. In the first part of this series, the Fourier Singular Complement Method
was introduced and analysed, in prismatic domains. In this second part, the FSCM
is studied in axisymmetric domains with conical vertices, whereas, in the third part,
implementation issues, numerical tests and comparisons with other methods are
carried out. The method is based on a Fourier expansion in the direction parallel
to the reentrant edges of the domain, and on an improved variant of the Singu-
lar Complement Method in the 2D section perpendicular to those edges. Neither
refinements near the reentrant edges or vertices of the domain, nor cut-off functions
are required in the computations to achieve an optimal convergence order in terms
of the mesh size and the number of Fourier modes used.

1 Introduction

The Singular Complement Method (SCM) was originally introduced by Assous
et al. [6,7], for the 2D static or instationary Maxwell equations without charges. It
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was then extended [4,5] to the fully axisymmetric case, i.e. axisymmetric domains
and data, with or without charges. The SCM has been extended in [11] to the 2D
Poisson problem. As noted in [12], further extensions to the 2D heat or wave equa-
tions, or to similar problems with piecewise constant coefficients, can be obtained
easily. Methodologically speaking, the SCM consists in adding some singular test
functions to the usual IP; Lagrange FEM so that it recovers the optimal H'-con-
vergence rate, even in non-convex domains. In the fully axisymmetric case, one
may simply add one singular test function per reentrant edge, and one per conical
vertex of sufficiently large aperture.

There exist a couple of numerical methods in the literature for accurately solv-
ing 2D Poisson problems in non-convex domains. The SCM is clearly different
from (anisotropic) mesh refinement techniques [20, 16], and can be applied effi-
ciently to instationary problems (see Remark 4.1 of [12]), since it does not need
the refinements of the mesh and thus large time steps may be allowed. However
the anisotropic mesh refinement methods have one advantage: they require only a
partial knowledge of the most singular part of the solution.

The numerical solution of 3D singular Poisson problems is quite different from
the 2D case, and much more difficult. This is a relatively new field of research: most
approaches rely on anisotropic mesh refinement, see for instance [16,17] and Refs.
therein. To our knowledge, this series of papers is the first attempt to generalize
the SCM for three-dimensional singular Poisson problems.

The rest of the paper is organised as follows. In the next Section, we define
the geometry of the axisymmetric domain €2, and the suitable framework for the
study of the Poisson problem in €2 using a Fourier expansion with respect to the
rotational angle 6, namely, weighted Sobolev spaces over the meridian section w.
This suggests a framework for building the Fourier Singular Complement Method
(FSCM) for accurately solving the Poisson problem, using a Fourier expansion
in 0, and an improved variant of the Singular Complement Method [11] in w. In
Section 3, we study theoretically this variant of the SCM, based on a regular-sin-
gular splitting of the solution u* to the 2D problem (7—8). The main feature of the
splitting is that it is chosen independently of the Fourier index k as soon as |k| > 2;
this independence is important, and very helpful, from the computational point
of view. Section 4 presents a few results of finite element theory in the weighted
Sobolev spaces. In Section 5, the SCM is considered from a numerical point of
view, to approximate u* accurately, via the discretization of the splitting. In the
Section 6, we build the numerical algorithms which define the FSCM, and we show
that it has the optimal convergence of order O (h + N~'), where / is the 2D mesh
size and N is the number of Fourier modes used.

2 Poisson problem in axisymmetric domains

2.1 Geometric setting and notations

In this article, we consider an axisymmetric domain 2, generated by the rotation
of a polygon w around one of its sides, denoted y,. The boundary of w is hence

dw = y, Uy, where y,, generates the boundary I" of 2. Thus, €2 can be described
as:

Q=wxS'Uy,. (1)



The Fourier Singular Complement Method for the Poisson problem 585

The natural cylindrical coordinates will be denoted by (r, 6, z). The geometrical
singularities that may occur on I' are circular edges and conical vertices, which
correspond to off-axis corners of y,, and to its extremities. Figure 1 precises the
various notations associated to these singularities; a more complete description of
the geometry of @ can be found in [3,4].

The problem under consideration is once more the homogeneous Dirichlet

problem: Find u € H' () such that
—Au=finQ2, u=0onT, 2)

with f e L?(2). Non-homogeneous Dirichlet boundary conditions, or (non-)
homogeneous Neumann boundary conditions can be handled in exactly the same
manner.

As will appear in the sequel, the problem (2) will be singular, i.e. its solution
will generically not be in H?(£2)—as it would be the case in a regular or convex
domain—iff there are reentrant edges or sharp vertices in I'. Sharp vertices are
defined by the condition (see Figure 1):

o1 Cdef . b4
v‘<§, where: v = min{v >0: P, COSE =0¢, 3)

and P, denotes the Legendre function. This is satisfied iff 7 /8 > 7 /8, >~ 130°48'.
From now on, we shall assume that there is exactly one reentrant edge e (of aperture
/o, with 1/2 < @ < 1) and one sharp vertex ¢, and we shall omit the superscript
cinve.

Other notations. We denote by ry.x the supremum of the coordinate » on w, and
by ap and o two fixed numbers such that

1/2 <ap<a and 1/2 < o) < min(e, v + 1/2).

_____

r r

Fig. 1 Notations for the geometrical singularities; e: reentrant edge; ¢: conical vertex
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We also introduce 2D neighbourhoods w, and w. of e and ¢ respectively. They
stay away from all sides of dw except the two ones that meet at the relevant corner.
To them we associate cutoff functions denoted 1 (p), which vanish outside w, or w,
and depend only on the distance to the corner.

2.2 Fourier expansions

The functions defined on 2 will be characterised through their Fourier series in 6,
the coefficients of which are functions defined on w, viz.

+00
f0,0,2) = J%? > e,

k=—o00

and the truncated Fourier expansion of f at order N is:

N
™, 0,z2) = Z Fr@r, z) ke,
—N

1
V2T P

The regularity of the function f in the scale H*(2) can be characterised by that
of the (f*)ez in certain spaces of functions defined over w [10, §811.1 to I1.3],
namely:

fEH Q). s 20 & Vkel f“eH (),

where the Hj; ) (w) are defined in turn with the help of two different types of weighted
Sobolev spaces. We shall now give these definitions for the values of s and k chiefly
needed in this article. The notations for the various spaces are the same as in [10],
where the interested reader can find the proofs and the most general versions of
the subsequent statements.

First, for any 7 € R we consider the weighted Lebesgue space

Lf(w) & {w measurable on w : // lw(r, 2)|* ridrdz < oo} .

This space, as well as all the spaces introduced in this article, is a Hermitian space
of functions with complex values. The scale (H 7 (a)))s>0 is the canonical Sobolev

scale built upon L% (w), defined for s € N as:

Hi(0) € {w e L2(w): 8/8"w € L2(w), V&, mst.0<l+m<s),

and by interpolation for s ¢ N. We denote by || - ||.; and | - |5 ; the canonical norm
and semi-norm of H: (w).

A prominent role will be played by L%(a)); its scalar product is denoted (-|),
without any subscript. Upon this space, we build another, dimensionally homoge-
neous Sobolev scale (V{(w)),_,. defined as:

def

Vi) = {w e H{(w) : r'™ 307w € Li(w), Y&, mst.0 < €+m < |s]},



The Fourier Singular Complement Method for the Poisson problem 587

where |s| denotes the integral part of s. One can check that the general definition
reduces to

Vi) = {w € Hi(@): djw|, =0, for0<j<s-— 1},
when s is not an integer; while for the first values of s € N, we have:
Vi) = Li(w), Vi) =H|(@NL* (0), Vi) =Hj(wNH, ().

The canonical norm of Vi (w) is denoted by || - [ls,1; it is equivalent to | - |5 | except
for s € N*.
We are now ready to define the most useful spaces of Fourier coefficients.

Lemma 2.1 The spaces H(Sk) (w), for s =0, 1, 2, are characterised as follows.

Hjy(@)=Li(w),Vk, Hg(@)=H|(®), Hj(w)=V{(w), Ykl >1;
Hi (@)={w € H{(®):9,w € L* (@)}, H)(@)={w € Hj(w):w|,, =0},
Hyy(@)=Vi(w), VIk| > 2.

The definition for the other values of s will be given when needed.

Remark 2.1 The scales H{(w), V{(w), and H(Sk) (w) (for any k) can be extended to
negative values of the exponent s, by the usual duality procedure with respect to
the pivot space, which is L?(w) in all cases.

<>
In order to handle the Dirichlet condition, we introduce the subspaces H { (w),

o] o
V} (w), H 1_1 (w) of functions which vanish on y,. The difference in the notation is
to remind that the functions of V!(w) and H!,(w) C V}(w) automatically vanish
on y, in a weak sense [18, Prop. 4.1]. This difference is of course important when
it comes to discretisation by IP; finite elements.

Similarly to the prismatic case, we introduce the anisotropic Sobolev spaces

R € H'S', Li) = {f € LX(Q) : 05 f € LXQ)};
R(Q) € HAS', Li) = {f € h'(Q): 02f € LA(Q)} ;

they are identical to the H%*(Q) of [10, Eq. (IL.4.16)], for s = 1, 2.
The next Lemma summarises the completeness results whose proofs can be
found in [10, Chapter II] or [15].

Lemma 2.2 The following characterisations hold:

+00
felXQ) & VkelZ f'eliw), and: Y |fy, <00r @

k=—00

+00
el (Q) & VkeZ, f'eli). and: Y K| f*e, <o0i )

k=—o00
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and the canonical norms of L*(Q) and h*(Q2) are equal to the square roots of
i i
these sums. Moreover, defining V) = H(lk) (w) N H}(w), viz. H}(w) fork = 0 and

o]
V} (w) for the other cases, we have:

+o00o
feH Q) & Ykel f*eViyand|flhg =Y. ||, <. ©

k=—00
where the norm |w||g, = [wi | + &% [lw]f _;.

As we did in the prismatic framework, we define the relation operators <
and ~ as follows. a < b means a < C b, where C is a constant which depends
only on the geometry of the domain w, and not on the mesh size &, the Fourier
order k, or the data f of the Poisson problem. a &~ b denotes the conjunction of
a<bandb < a.

2.3 Singular Poisson problem in 2D

Denoting by u* and f* the Fourier coefficients of # and f in (2), we see [10, §11.4]
that for any k, u* is solution to the following singular Poisson problem in w:
Find u* such that

Al & At = ffinw, where: A difa—z+13+a—2—k—2 7
K= KE= ’ ’ K= a2 T ar 9z2  r?’

u* =0ony,. (8)

A special role will be played by A, whose values are the traces in a meridian half-
plane of the Laplacian of axisymmetric functions. We remark that the operators A
have real coefficients, hence the real and imaginary parts of the solution to (7-8)
correspond to the real and imaginary parts of the data. So, in practice, it will be
sufficient to consider problems with real data and solutions.

The variational space associated to (7-8) is the V() defined in Lemma 2.2. The
variational formulation reads [10, §11.4.a]:

ay (uk,v):(fklv), Yv e Vi, 9

where a; is now the sesquilinear form defined by the norm || - || ), viz.

k2
ai(u,v) = f/ [rVu-Vi—i——uﬁ:I do.
o r

(In this text, V will always denote the 2D gradient in the (r, z) plane).
Like in the prismatic case, we have the following results.

Lemma 2.3 Let f € L*(R), and u be the solution to (2). Then (u[K])K converges
tou in HY(Q), and (Au[K])K converges to — f in L>(R).

Proof Similar to [12, Corollary 3.1]. O
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Lemma 2.4 Let f € L*(2), and u be the solution to (2). Then dpu € H'(Q).

Proof One may follow the lines of [12, Corollary 3.2], using the a priori estimates
of [15, Thm 4.2] to check that (3,0pu, r~' 8p0pu, 0,00u) € L*(Q2)*. o

Besides the variational space, we shall consider, for each Fourier mode k:

e the natural space, which is the one to which u* belongs, i.e. the domain of the
operator Ay:

D(A) Y {w € Viy = Hjy (@) N E{(w) CAyw € L%(w)} : (10)

e the regularised space, i.e. the one to which the solution u* would belong if the

<&
domain 2 were regular or convex, namely H(Zk) (w)yNH { (w).

In [10, Thm I1.3.1], it is established that the regularised space no longer depends
on k as soon as |k| > 2; in Theorem 3.2, we will show that the same occurs for
the natural space. This suggests that the mode 2 can serve as the “fundamental
mode” for the high-|k| modes, just like the mode O does in the prismatic case. In
contradistinction to the latter, the modes 0 and %1 have to be treated separately,
with their own singular functions.

3 Regular-singular decompositions in the 2D domain : theoretical study

We now establish the regular-singular decompositions, for the various Fourier
modes k, of the solution u* to (7-8), which will be effectively used in the numerical
method. This parallels the work exposed in the companion paper [12, §4].

We shall need the following integration by parts formulae.

Theorem 3.1 Foranyu, v € H{(a)) such that Agv € L%(w), there holds:

v

a
//{quv—i-Vu-Vv}rdw:/ua—vrdy. (11
w Vb
Forany w € I(jlll(w) such that Agw € L%(a)), there holds:

w
%// — {r—onw} rdo = ||[Vwl|[§ _; — 2 [wll§ _5. (12)

Proof Eq. (11) is the expression, in a meridian half-plane, of the usual Green for-
mula applied to axisymmetric functions. To prove (12), we first note that there
holds, in the sense of distributions in w:

V. V w [Vw> 2w dw
w - — )= -
r2 r2 r3 or
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Butw € H! (w) implies w € L?;(w) [3, Lemma 4.9], i.e. ¥ 2 w € L3 (w); so the
above function is integrable with respect to the measure » dw, and we can apply (11)
withu =r2wand v = w:

0 [ AZ ] raom [ 90-9(2) rao
T e (1) (2)

def
= |Vwl_, —2b.

Now, we treat I, by the usual integration by parts formula of order one:
a 3 w w
// ww dw—/wﬂv,dwzo
ar r2 Yorr , r?
oww wow ) 2
— —— )| do=0
//[Br 22 g +wl ( r3>] @

2RL =2 |wllg _5 = 0.

Hence, K1, = [Vwl|§ _; — 2 [lw§ _5. o

3.1 Modes |k| > 2.

From [10, §I1.4], we know the following facts. The solution u* to (7-8) is regular
everywhere except in the neighbourhood of the reentrant edge, and it can be written
as:

W= st it |1 € H@) N @) = Vie) 0V, g3
Sk(p ¢) =n(p)e e pe sm(a¢>)
As a first consequence, we have the following

Theorem 3.2 Let w € D(Ay). Then:

e w hasa V% regularity near the axis, hence w € I(-)Ill(a)) C L33 (w), and both
Aow and r~> w are in L%(a)).

e w has an H'*® regularity near the reentrant edge, so its global regularity
isw € V{Jrao(a)); and there holds: ||w|1+¢,.1 < C(k) | Axwlo.1-

In close analogy to the orthogonal decomposition of L?(w) introduced by Gris-
vard [14, p. 45], we have:

° 1
Li(®) = M[Hb) (@) N V](@)] & N, (14)
where N, is a space of singular harmonic functions defined by

Ny={peLi(w) : Ayp=0inw, p=0oneachsideof y,}.
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Here, as well as in the subsequent definitions of N; and Ny, the boundary condi-
tion on the sides of y;, is understood in the suitable space, which is the trace in a
meridian half-plane of the space H(T';) defined in [3, Definition 5.4]. Following
the same line of proof as in [4, §3], it is not difficult to establish that the dimension
of N, is equal to the number of off-axis re-entrant corners in w, i.e. in our case
dim N, = 1, and N,=span{p?}, where p? can be chosen as:

s2= S+ 2, ith: Pi < ‘O/}(w)v (15)
’ P ¥ {Se(p,qb) =n(p) p~° sin(ae).

Similarly to [12, §4], we define <psz as the element of Io/}(w) which solves the
Poisson problem

~MAgr=p? in w. (16)

Then by the decomposition (14), we can split the solution u* to (7-8) as

ub =i + epg?, (17)

o <
where ii* € H} () N V(0) = H, (w) N H}(w), and is called the regular part
of u*. How is this decomposition related to (13) ? Applying (13) to ¢? itself gives:

%2 = (pi +682 S3; observing that all the S} have the same principal part, we deduce

ub = " + ¢, 2, and A; = ¢, 8%. Then, using the orthogonality relation (14) we

infer:

2112
”Ps HO,]

(=228 | p7)

Calculating this scalar product is rather tedious but can be done using (15) and

(11)—modified so as to avoid the singularity. We find:

M _o Ly o
e =0 = an ”Ps ||o,1’ (18)

82 =

where a = r(e) is the distance from the reentrant edge to the axis (see Fig. 1).
The following lemma summarises some a priori estimates on u* and ;.

Lemma 3.1 Let u* be the solution to the Poisson problem (7-8), then we have the
following a priori estimates:

Fmax

V2
172 1
(K =2) lu*lo—3 < I f o1,  (K* —2) / 1 -1 < —2||fk||0,1, (20)

I llo1 s (19)

20k k k
Kol Nlo,<1 < rmax 1" Nlors ka1 <

Ao lo < 211 f¥ o1 1)
leel S AN o (22)

[ R A T S PAI TR (23)
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Proof The variational formulation (9) with v = u gives:

k)2 20k 12 k k k k
17+ &7 15—y < 0 Mo e o < rmax 1/ o1 ™ llo,—1

this proves the first estimate in (19). Then applying the Young inequality, we further
obtain

k2
||u"||5,_1} :
max
which leads to the H } semi-norm estimate in (19). Similarly, multiplying (7) by
25" and using (12) yields:

k|2 2 k)2 k k
13y (k2 =2) 115,25 < 1/ Mo Nl llo.-3

and we obtain the two estimates in (20) by a similar reasoning. Then (21) imme-
diately follows from Agu* = f* — k> r=2 u*

The formula (18) implies: |c;| &~ |A|; thus, the estimate (22) is clearly equiv-
alent to: |A;| < k%!, This, in turn, can be obtained by following the lines of [14,
§2.5.2] or [4, §5.1]. As a matter of fact, the latter reference shows that, away from
the axis, the weights in the Sobolev spaces and the exact form of the modified
Laplacian under consideration are of no importance.

k2 2 01,5112 Fmax | Fmax k
" I7 & Nt lip -y = 7[ 505, +

) def .
Now, setting f: = —A; (Mk — Ck ‘Ps2)7 Le

k v, Koy
fi=—Bou + 5w, 24
one concludes, like in the above references, that || f I:‘ || o1 < H fk ”0 ,- Expanding
the squared norm of the equality (24) and using (12) then yields: ’
[ Ao I, + 26 [u [+ =) kG s < 04, - @)

On the other hand, there holds: uk € H 0 (w) N H 1(w), and within this space the

canonical norm of H( )(a)) is equ1valent to the norm [|Aow]|lo ; [4, Lemma 4.7].
k k k - k

So, we have both ‘MR‘Z,I < |4, and [ut |] Sk, s and we obtain

by interpolating in the scale Hj(w) that: |u* |1+a LS k| 5 - We then

derive (23) by adapting the proof of Lemma 4.1 of [12]. O

Lemma 3.2 The regular part ii* and the singularity coefficient ¢y in (17) are given
as the unique solution of the coupled system:

a (i, v) + crar(@v) = (fF1v). Yve Vi), (26)
(PG + e [l971 Zy + 2119705, 5]) e + i @ 1 p7) = (51 p7) . @D

where the symbol | L 42— 4. And it* and cy have the following stability estimates:

I llo,1
P01

Il S kN oy el <2 N Il < 1 %o, -
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We omit the details of the proof, which is very similar to that of Lemma 4.2 of [12].
p%) = stz %,—1 +2 ||§0S2||%!_3, which directly

follows from (12) and (16), as pf and (pf are real. The representation formula for
the singularity coefficient is:

It makes use of the result: (r‘2 @2

(= a ro | p2)

2
”P%”()J

= (28)

The scalar product (r=2 A;' f* | p?) in (28) is defined thanks to Theorem 3.2.
We shall see—and this will be of practical relevance—that it can be written as
(A¢' f* 1772 p?).ie. p? € L*;(w). Thisis aconsequence of the following lemma.

Lemma 3.3 The dual singularity p? is of V3 regularity near the axis. It admits the
following splitting:

- - r\N2 .
pl=p 4+l PeViw. pl=(Z) o sin@p). @9

Similarly, the primal singularity ¢? can be represented as:

- - r\2 .
=3 +8¢0% FeViw, ¢ = (5) % sin(ag). (30)

Proof Let0 < a” < a’ < a; we consider a cut-off function x such that x (r) = 1
forr < a”and x(r) = Oforr > a’,aswellasthedomaine’ = {x € w : r(x) < a'}.
This domain has no off-axis reentrant corner (see Figure 1), so there are no singu-
larities of A,, either primal or dual, in o'.

As we stay away from the reentrant corner, the splitting (15) shows that p? €
Vi('). Thus, x p? € V1(w') and it vanishes on da’. Moreover:
2 2 2 2 p; 9x 20
B2 (X P5) = X Bap; + V- Vg 4 Py Ay + =+ == € Li(@),
since the first term is identically zero, and the other three are smooth and vanish near
the axis. We conclude from Theorem 3.2, and the absence of primal singularities,
that x p? € Vi(w'),i.e. p?is VI where x = 1.

Now, using (see Figure 1):

<£>2 —1= w = % p cos(¢p + ¢g) + h.o.t.,
a a a

we remark
S*— p2 =p'"""(g1(¢) + hot) € H (w),
85— 92 = p'" (g2(¢) + hoot) € H (o),

since the functions g (¢) as well as the higher-order terms (h.o.t.) are smooth.
Moreover, thanks to the factor (r/a)?, p? and ¢? are of V{ regularity near the axis.

The smoothness of these functions in the rest of the domain yields S¢ — pi € V{ (w),
S5 — @? € Vi(w). This proves (29) and (30). o
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3.2 Modes k = =£1.

As we can see from Lemma 2.1, the variational space is still V}(w); but the reg-
ularised space has changed. Once again, the only singularities are located at the
reentrant edges. Hence, the solution u* to (7-8), with k = +1, can be split as:

Wb =ub +2,85,,  with: ul € Hp (@) NVi() = ’H%(w) N Viw), 31)
S50, ) =n(p)e ™ p sin(ad).

As a consequence of Theorem 3.2, 9> € D(A}), and the decomposition (17) is still
valid in this case. However, that singular function belongs to a space which appears
too constrained for the modes +1: it is even better decaying near the axis than the

functions of H % (w)N V} (w); moreover, this decay is lost in the discretisation by PP
finite elements. So the representation formula (28), though valid at the continuous
level with u = —3, is numerically hardly stable and its use would deteriorate the
convergence rate of the SCM.

So, it is better to use singular functions that are adapted for these modes. Let
p! be a basis of the dual singular space

Ni={peLi : Ajp=0inw, p=0oneachsideof y,},

and ¢! = A;'p!l. These functions were defined and studied in [5, §4.1], and a
numerical method was defined. We will introduce below (§5.4) a slight modifica-
tion of that method in order to improve the convergence rate. For the moment, we
recall that the function u* admits the splitting

ut =ik + !, (32)

< o
where ii* € Hj,(w) N H{(®) = Hi(w) N V](w). As we are in the “usual” SCM
framework [11], we have the simple representation formula

k1
o= 1n) (33)
Il ps 15,1
and the regular part satisfies:
~k 1N _ sk ol
ar(@*, v) +crai(gg,v) = (f1v) YveVi(o), (34)

From the above considerations easily follow the estimates:

IZS PSS W PR U MY W PN VAN OIS D PREL)

[ ot S0 o Ml S 1 o ted S0 - GO



The Fourier Singular Complement Method for the Poisson problem 595

3.3 Mode k = 0.

<
Now, the variational space is Vo) = H ! 1 (@), and the regularised space is H (0) (w)N

Vo), with H (0y(@) given by Lemma 2.1. Moreover, there is one singularity per
reentrant edge and one per sharp vertex, see [10, §11.4] or [4, §4.4]. The splitting
of u® with respect to regularity thus becomes:

0 0 v e e ) u® GHO)(a))ﬂH(a))
u' =u, +rySo+ry Sy, with: Se(p ®) = n(p) p* sin(ag), (37)
So(0, @) = n(p) p” P,(cos ¢).

Once more, there holds: H(QO) (w) C H(ZZ) (w); yet, once more, attempting to rep-

resent the singularity at the edge with the help of the function ¢? would imperil
the convergence rate of the numerical method. As a consequence, we shall use the
“natural” singular functions for this mode (see [4, 5] for details). The dual singular
space is

No={pe L3(w) : Agp =0inw, p =0 on each side of y} ;

it is of dimension two, with the basis { p®¢, p%} given by

0,e e 0,e
p :S —|—p*, 0,c
: } witne | PES P € Hi@) (38)

poe =S¢ pe, S(p, #) = n(p) p~"~" P(cos §),

<&
and S¢ is as in (15). The przmal smgular functions gag = H{(a)) (j = e, c)are of
course defined as: gos A0 p

Lemma 3.4 The primal singular function goY 7 admits the splitting
. . . . . <
o> =% +8% S5, where: 9/ € Hg (w) N H{(w), and: (39)
0,c 0,c||2 /e 2 -
§0c — ||PS’L||01 {(1—1—21}) / P,(cos ¢) sin¢d¢} , 40)
0
= [[p2*[5.1 /(am). (41)

Equivalently, pv ! and (ps ' can be represented as

0,c¢ —v—1
OJ — OsJ O,J ~0»J. 1 pp’ = IO PV(COS ¢)7
pl =p" +p)l, p* € Hi(w), { . 42)
’ ! pe = p= sin(ag),
0,c v
0 i 0 0, = p" Py(cos ¢),
0.j — 70.J 8O’J 0,j 0,j H2 (7 1% 43
L {wo“’—p sin(ag). “3)

Proof Letus examine first the conical singularity: j = c. The splitting (37) applied
to ¢ yields: ¢ = % + 8% §¢ + 8% §§. Using the definitions of p{“ and ¢
we deduce

[P2[5, = 8% (=085 1 p0*) +8% (~A0S5 | pI). (44)
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Rewriting the first scalar product in (44) as:
(2085 | ) = (=085 | pY°) + (—A0S5 | S),

we notice that the second term is zero by a support argument. To evaluate the
first term, we remark that — Ay pg’“ = AoS¢ vanishing near the conical point, is

<
smooth and belongs to L} (). So, both S§ and p are functions in H{(w) with
Laplacian A in L%(a)); and we use (11) twice to obtain:

(—A0S5 1 pY) = (S5 1 —20p%€) = (S5 | A0S°),
which again vanishes by a support argument. Finally, the last scalar product in (44)

can be computed e.g. as in [19] to obtain

/B
(—A0S§ | pg"') =(1+4+2v) / P,(cos¢)? sing dg,
0

and (39-40) are proven. This immediately yields (42-43). Similar computations
are carried out for the edge singularity; 8¢ is computed like 8 above. O

Lemma 3.5 The solution to —Agu® = f° can be represented as

<>
u® =i’ + co. <p§“ + ¢o.c (pg’c, where: i° € H(ZO) (w) N H{(a)). (45)

The cy,j are given by the representation formulae:

(fo | p?’j)

. (46)
1P 113

Co,j =

Proof As the space of singularities is of dimension two, it is enough to exhibit two
linearly independent functions to have a basis. This is obviously the case of %
and ¢%¢, which proves (45). Taking the Laplacian —A, of this equality and the
scalar product by p%< yields, thanks to the orthogonality property:

(f21 PP€) = coe (=200 | PU€) + co )15,
Then, using the decomposition (39), we obtain: (— Agg?¢|p%) =8¢ (— Ao S§1p2),
which is zero as seen in the proof of Lemma 3.4. Hence (46) for j = c; the case

J = e is treated similarly. O

Let us state without proof the elliptic equation satisfied by i°:

<o
ao (120, v) ~+ co.. ao ((p?’e, v) ~+ co.c ao ((p?’c, v) = (fo | v) , Yve H}(a)), “7
and the stability estimates on the various terms in (45):

[l S 1 o 10 S 1Mo (48)

@] S 1 Mo feosl S 17000, (49)
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4 Interpolation and projection operators

We consider a regular triangulation of the domain w, with mesh size 4. The space
spanned by PP, finite elements on this triangulation is denoted V"; the subspace of

functions which vanish on the whole of dw is V" = V' N V1(w); while V! =
<

V" N Hi(w) is the subspace of functions which vanish only on y,. We introduce

the usual Lagrange interpolation operator I1;, as well as the weighted Clément

operator Pj,. The latter—identical to the operator called 1'[0 in [8, §4]—is a local
projection operator onto P in the L2 sense, which does not take into account the

nodes of the triangulation which stand on dw. Hence, it maps V }(w) onto V.
We now prove a few results on these operators, in the framework of weighted
Sobolev spaces of fractional order. We begin by a useful density lemma.

Lemma 4.1 V}(w) N V(o) is dense within V7 (w) N V(@) = H™(w) N
Vi(w).

Proof Letw € V}WO (w) N Vi(a)) and ¢ > 0. The construction of w € V%(a)) N

V% (w) such that [|w —W]|144,,1 < €is decomposed into two steps. The first one will
not be effectively used in this article, since we do not consider arbitrary functions

in V{‘m" (w) N \O/} (w), but only those which belong to D(A5).

STEP 1: FROM H”"“ (w) N \0/1 (w) TO D(A;). From [10, Thm I1.4.8], we know

<o
that A; ' is an isomorphism from Hy ") to H(Sk‘)H(w) N Hl(w) fors < a. Let

C (s, k) be the norm of this operator. Setting g = —A,w € Hg)fl(w) = H‘f"*l(w),

we use the density of H(w) within H% ' (w) to construct g’ € L}(w) such

that ||g — &' lli—wy1 < €/(2C (e, 2)). Then w’ o z_lg’ € D(A,) and satisfies

lw = wlli4ap1 < &/2.

STEP 2: FROM D(A3) TO V(@) N \O/{(a)). There remains to find w € Vi(w) N
V1(w) suchthat | w' —|114,1 < &/2.Since D(Az) = [V (w)NV }(w)]® span S5,

this is obviously equivalent to find S € V3(w) N V1(w) such that ||S$ — S|l 1ap1 <
&', for arbitrary &’.
We claim that § = S5 — S/ does the job for k large enough. As a matter of fact,

85— 8¢ = (k| —2)p'* sin(agp) +h.o.t. € H*(w,)N H (w.); thanks to the cutoff
function 7, this gives S5 — S} € V%(w) N Vi (w). Then, it is enough to check that

S¢ — 0 strongly in H'™ (w,) as k — +oo.

This is done like in [ 14, Lemma 5.3.3], by using the Sobolev imbedding H'*% (w,)
c W*P(w,) with p = 2/(2 — ap); indeed, one calculates (1S £r1+0 e,

< ”Sk ”sz(we) < k2(010 a)/(2— Dlo) O
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Lemma 4.2 For any w € V%Jr““ (w) N V%(a)), there holds:

1
llw = Powllis S A Nwlhisaers  lw = Pawlloy S AT fwlliyag. (50)

Proof Assume first that w € V3(w) N V1(w). From [8, Thm 4.2], we know
W lw = Pywlloy + llw — Pywlliy S A llwlly,r fors =1, 2;

and, from [9, Prop. 1.e.1], that V}+°‘” (w) is the interpolate of order oy between
V%(a)) and V%(a)). Hence the two estimates in (50) by a standard interpolation

argument. Then one generalises to w € V}“"O (w) N V}(w) by Lemma 4.1. m|

Lemma 4.3 Forw € H %(a)), there holds:

~ !
lw — Mwlli—e1 ~ lw— Mwl_o; SA'™

wla, 1. (51)
foranyo € [0, 1].
Proof 1t stems from [18, Prop. 6.1] or [8, Prop. 4.1] that

A= lw = wllo + lw — Thwliy <k lwl.

One concludes by interpolating in the scale H{(®). O

5 Discrete formulation, SCM

In §§5.1 to 5.3, the superscript 2 in p2, ¢2, §2, etc. will generally be omitted.

5.1 Approximation of the dual singular function p?2.

We start from the decomposition (29). p is characterised by the three conditions
peViw), p=-p,ony, —Ap=A~Ap,inow.

A direct calculation shows that, denoting ¢’ = ¢ + ¢ (see Figure 1):

S5r —a—1 3 /
Aop, =~ ap~ sin(ed + ).

This function is of H ! regularity near the reentrant edge, and smooth elsewhere,

o

so it belongs to the dual of Vi (w). However, it should be noticed that A, p, never
belongs locally to L?(w,). This phenomenon causes the local regularity of p to be
weaker than in the prismatic case, and dramatically deteriorates the convergence
rate of the SCM.

This inconvenience can be overcome by enriching the principal part with the
next term in the expansion of p; near the reentrant corner. To do so, we look for a
function in V}(a)), with a V% regularity near the axis, vanishing on dw, N y, and
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whose Laplacian A, is locally “almost equal” to A, p,. First, we look for a local
variational solution of

—AQ=0ap*sin(ap+¢)inw,, O =00ndw,Ny.

By separation of variables, we obtain: Q(p, ¢) = % p! 7% cos ¢’ sin(ag). As the
exponent 1 —a > 0, Q does belong to H'(w,). To obtain the V? regularity near
the axis, we have to multiply it by (r/a)?. A simple calculation shows that:

2 2
22[(5) @)= () oot sinao )
+ % p~¢ [sin(ag) — a cos ¢’ sin(ag + ¢")].

Hence, the new decomposition:

~ def 5 /r\2
ps = pp+ D, where: p, = p, — = (_> 0

- (1)2 [1 _3p cos¢’:| P~ sin(ag),  (52)
2a

enjoys the following properties. First, p = p + (5r2/a*) Q € V}(w) and it van-
ishes on dw, N y. Then, using

r r r(r—a) r

2
() -5 =2 s

a a a

we obtain

def roo_, 25 . 35 . ,
v, = Asz:a_sp -5 s1n(a¢)+7a cos @’ sin(ag + ¢')

€ Li(w). (53)

As —Ap = ¥,, we infer by localisation that p € H'**(w,). Elsewhere, the
smoothness of 1, implies that of p, so p € V}Jr“(’ (w), and is V7 near the axis.

Now, we are ready to derive the FE approximation of p;. The variable p solves
the variational problem: Find p € V% (w) such that

P=sondw, and a(p.v)=(9,]v) Yve V). (54)

Similarly to the prismatic case [12, §5.1], we introduce

o the boundary function s which is equal to the trace of —p,, hence is zero
on the two sides that meet at the reentrant corner, and smooth elsewhere;

e the smooth extension § € H %(w) of s into w;

e the variable p° = p — 5.
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In the variable p°, the problem (54) reads: Find p° € ‘C}}(a)) such that
a (p°v) = (9, | v) a2 G,v) Vv e Vi(); (55)

and we have p° € V" (w) N V1(w). Here, too, we approximate p by p" =
1,5 + p;, and p, by p" = p » + IS + p;,, where p;, solves the approximate FE
problem

ax (py-vn) = (90 | vn) —ax (TS, v) Vo, € V2. (56)

The notation (191]1 | v;,) stands for an approximation by a quadrature formula of the

integral [ 9,(r, 2) Us(r, 2) r dr dz, with 9, (r, z) given by (53). As &, € L}(w),
we can suppose that the error caused by this quadrature is bounded as

|(19;‘—19p | wh)‘fCé)h‘“ lwpll1, thth, for some C(l)>0 andqi>1. (57)

This can be done e.g. by using a sixth-order Gauss—Hammer formula [21, p. 201],
with seven points inside each triangle, which does not require the unbounded value
of ¥,. Of course, if w;, vanishes on y,, one can replace ||wy,||1,; with the stronger
norm ||wy || 2) in (57).

Lemma 5.1 Assume Q1 > 2; then we have:
h p h 2
llps = pilly s < b o= pilly, < n*-
Proof Subtracting (56) from (55) yields:
ay (p° = py.on) = (9, =0 [ vn) —a2 G —T,5,v,) Yo, € V. (58)

With v, = p; — wp, this implies:

[} o o 2 ~ ~ o

Ip° = walley = |P° = pil, + 242 (5 — TS, pj — w)
+2 (1?,, — ﬁﬁ | p, — wh).

Now, we set w, = P, p°. Using (57), we obtain

] o]

||P — Pn

2 o o ~ ~ o o o o
o <1P° = Pup° Ity +2 15 — Wisll o) (||ph — Pl +llp°=Pip |I<2))
1 o o o o
+ €& (1= 7l + 17 = Bap°la))
With the Young inequality, the above estimate becomes:
o o 2 o o ~ ~
Ip° = Pl < lp° = Pup®llty +5 115 — TSI,

2 o 012
@) +1p° — Pup ”(2)

1 o [}
+Z “Ph - P

2
cl Ipi = p°[
+ 2 [ 2+ 1) WY+ =B 1 = Pupl
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Thanks to the equivalence of norms | - ||2) & |l - [|1,1, we are left with the estimate:
2 2 - -2 2
|| P’ =Dy 1,1 S |||pO — Pup” it |Hs - “hsmu +h

By [18, Prop. 6.1], there holds: H|§ — H,,E‘”H < hls|p.1; by Lemma 4.2, we have

lp° = Pupe|l,, < 2 ||p° I4ap.1- § and p° depend only on the geometry of w
50 all their norms can be seen as constants. Hence, as soon as 4 > 1, there holds:
|||Po - P |||?1 < h?®, Finally:

llps = pillyy = 1P +5 = pi = s,
< lp" = pilly, + 15 = s, , < ne. (59)

The obtention of the L3 norm estimate also follows the prismatic case closely.

[}
Here, we define w as the variational solution in V} (w) to

a (w,v) = (po —p, | v), Yv € Vi(a)).

By elliptic theory [10, Thm I1.4.8] we know w € H 1Jro“’(a)) = V}WO (w) and

2
Nwliteer S ” p° —pp o1 Its FE approximation wy, solves

a (wy, vp) = (p° = py | vn), VveV, (60)

so lwpllo) S ||po - D ||0’1; by using Céa’s lemma and Lemma 4.2, we infer:

lw = wallay < A Bwlliaor 0% |7 = piy, -

Then, using successively (60) and (58), we obtain
o (e} 2 o o
||p — P “0,1 =@ (w —Wp, p — Ph) + (ﬁp - ﬂz | wh)
+as (5 — th, w — w;,) — a2(§ — th, w).

This is bounded by the Cauchy inequality and (57), as well as the duality argument
in the scale Vi (w):

o

2 o o
0.1 S HP — Pn ”(2) lw— wh”(z) + h% ||wh||(2)
+ IS = Masllo) lw — willa) + s — TS li—ap,1 lwlli4a,1
S 0= Pl {0 R +RS R (51 x B R 5]y, x B

|lp° = pi

where we have made use of [18, Prop. 6.1] and our Lemma 4.3. In order to get the
h?* estimate, we have to suppose gy > 2. Using once more (51), we obtain:

|2 = pilloy = 1P° = pillg, + 15 = Tillon < A2 (61)

O
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We are also confronted with the task of approximating g; &ef Ds/ r2. The scalar

product (zk | qs) (see (74) below) is needed to compute the singularity coefficient.
However, since pi‘ is just element-wise linear, it is locally proportional to r in the

. . . . def
triangles which have one or two vertices on the axis; so ¢" = r=2 p" ¢ L?(w).
This is why we cannot hope to control any such thing as Hqs —g" || 01

Yet, thanks to the bounds (59) and (61) for p? — ps, we do have the weak
estimates:

(a5 — g 1v)| S h** vllo—s. Vv € L2;(w), (62)
resp.  |(qs — g | v)| S A llvllo1. Vv e L2 (). (63)

5.2 Approximation of the primal singular function <psz.
We start from (30), which is sufficient for obtaining error estimates similar to those

of the prismatic case. Using (16), we see that ¢, satisfying ¢ = —8¢, on dw, solves
the variational problem:

a (@.v) = (ps | )+ (¥, |v), VYve Vi), (64)

def S5r L.
where: ¥, = Ayp, = el op sin[(¢ —1)¢ — ¢ol. (65)

We propose the following finite element approximation of @ in V"

Fn = =8, Thp + 90;97

where: ¢ p is a simple lifting of the boundary condition, cf. [12, Eq. (40)]; the sin-

gularity coefficient §;, is computed using 6, = — ( pi’)2 r dw; and (p,? evh
ar JJ,
is such that ¢, is solution to the problem:

a @, vn) = (P | o) + 8 (! [ vi), Vv eV (66)
Like above, we assume that the quadrature formula denoted by (¥/" | v,) satisfies:

(¥ = v, | wi)| < CGA% [wall1,  Ywy € V7,
for some Cé > 0and Qo > 1, 67)

where one can replace [|wp 1,1 with ||wy]l) if wyl,, = 0. Then, we propose to
compute the finite element approximation of ¢; as:

ol =gn+ 80, .
Lemma 5.2 The following error estimates hold:

s — @ ha Sy llos— ol e Skh.
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Proof We follow the lines of the proof of Lemma 5.2 of the companion pa-
per [12], taking care of the extra error generated by the quadrature. Subtracting (66)
from (64), we obtain

az (@ — @n.vn) = (ps — p¥ | vn)
+@ =) (¥, | vn)
+6n (W, — ¥ [ vp) . Yo, € V.

So, for any w;, € V" satisfying w;, — @, € V"
16 — @nlltyy < 16 — walltyy + 2{ |ps = P o, 18 =8l |0, ],
+ 18l C3h% (16 = Gulley + 16 — will)
_ 1
<26 —wal}y + 1 @nlla)
2 2
20 (I = s 1, 4150 [0, 3, +17 17%) . (69)

But || v, || 0. is aconstant of the domain, and the error on the singularity coefficient
is bounded as

1 2 n O
5 =oul = — |Ipsli = Iptlo,| S o = phloy S0 69)
hence |5;,| ~ 1. With Lemma 5.1, (68) becomes
16— @l S 16 — wallty + h* + h%. (70)

To obtain an h' estimate, it is thus sufficient to assume J2 > 1. We then derive
from (70) that, with wy, = 8,11,¢/8

16 = Gullty S 4 1817218 = 81 161 + 184 19 — gl | D)

As ¢ € H}(w), we have from [18, Prop. 6.11: |¢ — I1,¢ll o) ~ ||¢ — Hh¢|“1,1 <
h |1, which with (69) gives: ||¢ — @,,”\1’1 ~ ¢ — @ull2) S h, and finally:

llos =il < llo = aully, +18 =8l flenll, , <2

Finally, the estimate on H(ps - (psh H ® follows from

b2 2 2
||§05 - 90; ”(k) = “‘ps - (P? ||(2) +u ”‘ps - (Pil ”0,71

7
= (1+5) loo ol s 02
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5.3 Approximation of ii* and ¢, in decomposition (17), for |k| > 2.

Noting that #* and ¢ solve the coupled system (26-27), it seems natural to formu-
late their finite element approximations as follows:
Find it € V! and ¢! € R! such that:

ar(iiy, v) + cf a(el, v) = (X 1 vy) Vo, € V2, (72)

(P + i (1085 _y + 21015 25]) e + e (i | p2) = (f* 1 p)) . (73)

However, like any function in V", ¢/ does not necessarily belong to H!, () or

L2_3(a)). This is no serious problem: like in the prismatic case [12, §5.3], we shall
rather discretise the representation formula (28), which we rewrite as follows:

[(f*1ps) — 1 (2 14y)]. (74)

Cp = T2
I ps ||o,1

where g, = py/r? and z; = A; ' f¥ € V1(w) solves

a (. 0) = (fF 1), Yoe Vi), (75)

So, we state the
SCM Algorithm for finding i1t € V" and ¢} € R

Step 1. Find zf € V" such that

ap(zp,v) = (f* Iv) VYveV'. (76)

Compute cf' as follows:

o [(F1p0) =i h1g")]. if k<ChTa;  (77)

TP
for some fixed constant C*, and

=0 if k>C'h T, (78)
Step 2. Find i}, € V" such that
ay (i), v) + et a (¢!, v) = (fF 1v) YveV!. (79)

Lemma 5.3 For the solution z* to the problem (75) and its piecewise linear finite
element approximation z’,‘l in (76), we have the following error estimates

|2 =2kl S K20 o (80)
”Zk - Zl;l Ho,—l Skt [hao kot 4 h] 1 *llo.1 @81)
|25 =zl S [P0 K™D +h2] 1 o s (82)

while for the coefficient ¢ in (74) and its approximation c,il in (77), we have

ek — | S B2k 4+ B2 K2 || f¥ o1 - (83)
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Proof It follows from (75) and (76) that
a (=2, ) =a (5 -2) = (1 =2).
This implies
2 2
=gl R =l = 1 o 125 =2l
= Tmax “fk ”0,1 ”Zk -z Ho,fl )

hence (80). Then, using Céa’s lemma, Lemma 4.2, Thm 7.1 of [ 18], and the bounds
(20) and (23), we obtain another estimate:

“ -z, ”?k) = “Zk - P2t ”?k)
= [l = Pl + & = D) | = P,
S h ’Zkﬁwo,l + k= Dn? }Zkﬁ,—l ’

< [ e 1] |

I=

Of course, a similar bound holds for any g € L%(a)), w = A,;l g and P,w. Thus, the
estimate (82) follows from a duality argument like in [12, Lemma 5.3]. Moreover,
we obtain (81) thanks to the bound: || - [I§ _; < k>[I - [I§,,-

To obtain the estimate (83), we subtract (74) from (77) to obtain

! {(fk|Ps) (fklpi')}jw{(élqi') (Z"Iqs)}def

Ck—kz =II+IZ-

2 2 2 2
”Ps”o,] ”P?”oJ ||P£'||0,1 ”Ps”o,]

We bound I; by Lemma 5.1: |I;] < h*® || f¥|| ) |- As for I, itis zero when p = 0;
otherwise we rewrite it as follows:

1 1
b e G e a)+ e - a)
”pSHO,l
1 1
R
(= 1a) TAERTALE
def

=L 40+ + T
Then, recalling that ||g,|| is constant, we estimate:
o 1515 |z — 2o, S [HP0 k2D 4 r2] | £, by (82).
o |ZI Sk |z — ¥ _y S [RP0 ke + RO k7] || f4llo,1 by (63) and (81).
o |J3] S h¥o | ZF ||0,73 S hPo k=2 | £ ||071 by (62) and (20).
o IS e |2y = P2 ran 2]y S 20k | £
Summarising, we obtain
lee —ci| < 10l +p {|R]+ 2]+ 53] + |51}
5 (h20t0 4 h20{0 kolo + h20{0 kZO{o 4 h1+0t0 k + h2 kZ) “ fk ||0’1 .

I, by (61)and (19).

The estimate (83) then follows by remarking that the first, second and fourth terms
in the bracket are negligible with respect to the third. O
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Now, we observe that the formula (79) for computing ﬁ’;l, as well as the SCM
reconstruction formula for uﬁ

ub = af +cf g = @+ (@n + 8np,). (84)

are formally identical to their prismatic counterparts (cf. the SCM algorithm of [12,
§5.31); and the “building blocks” ¢/ " and ¢ also satisfy estlmates similar to those of

the prismatic case. Indeed, under the assumptionk < C*h =0 = , both terms within
the bracket in (83) are negligible with respect to & k. Hence the following two
results, whose proofs closely parallel that of Lemma 5.4 and Theorem 5.1 in [12],
with the same kind of adaptations (use of weighted norms, P, and Lemma 4.2) as
usual.

Lemma 5.4 The following error estimate holds:
li# =@y Sk (2 a4 |74 + o= i)

Theorem 5.1 Let u* be the solution to the equation (7-8) and u’; be its finite
element approximation given in (84). Then the following error estimate holds:

””k_”ﬁ”(k) Sk h ”kaO,l (85)

5.4 Approximation of the singular functions for the modes |k| = 0, 1.

The FE approximation of these functions has been exposed in [5, §§4.1 and 4.2].
(In that work, the Laplacians Ag and A, are respectively called A and A’). We
keep this method, with the following modification. The dual singular functions
associated to the reentrant edge undergo the same inconvenience as p2, namely,
the Laplacian of the principal parts as defined in [5] do not belong to L% (w). Hence
we must enrich them, just as we did for p%, in order to preserve the convergence
rate. Calculating like in §5.1, we obtain the following decompositions:

_ def _o . r 3p R
p;=p,+ P, p,=p " sin(eg) - [1 -2 cos¢>’], pleViw: (86

e e edef _o . p
Pl =y + 5 P o~ sin(ag) [1 - 2= cos¢']. 5 € Hl@). (87)

The Laplacians of the principal parts are:

91 A P! = 1 p |:—2 sin(ag) + Ea cos ¢’ sin(a¢p + ¢/)] € L*(w);
p p a2 2 2 1 ’
(33)
0,e def 1 —a L 3 [ ’ 2
¥, Aop =— 0 |:—§ sin(a¢) + 3 a cos @’ sin(ag + ¢ )] € Li(w).

(89)
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Then we proceed like in §5.1 to obtain:

: _ p‘::hm . 5 S0 , || p; 1/1 ||01 S h2a0 (90)
|p§),e eh|l S hOl] ||p?,e eh”Ol < h20tl . (91)

However, for the primal edge singular functions, the method of [5] yields the desired
convergence rate. We just recall the decompositions:

- - ko,
o=g 4oyl el @Nn @), b= (Z) o sin@p). (92)
as well as the Laplacians of the principal parts:

pdet ¢ k+D((k+2)
Ve = B = T

The line of proof already exposed in §5.2 then easily leads to the error estimates:

P sin (e — 1) ¢ — ol . (93)

lles = oIl s S and gl =2, S 04)

Now, as far as the conical point singularities are concerned, the method appears
very similar to that of [12, §§5.1 and 5.2] since the principal parts pg*c and <p8’c
have a vanishing Laplacian Ag. So, mutatis mutandis, we get the error estimates:

p?,c 0,c; h{l S < hal 0,c; hH()l < h2a1

o =g S h.99)

Remark 5.1 Thanks to the asympotic expansion [1, Eq. 8.7.1] of the Legendre func-
tion, it is possible to compute the function P,(cos ¢) with an arbitrary precision.
Thus, one can compute once and for all the singularity exponent v and the integral
in (40) with an accuracy equal to the machine precision. All this guarantees that the
errors due to the approximation of the conical singular functions will be negligible
before the FE discretisation error.

5.5 Approximation of i* and ¢y, for |k| < 1.

As the representation formulae (33) and (46) for the singularity coefficients of these
modes are rather standard, one can use the simple discrete versions:

1) ,1:h 0 pOis h)
ho_ (f | Py ) h (f | ps
Cy1 = Th ) Co,j = ||po Tih :

(96)
Ips’ ||0 1

15,1

Slmllarly, we will approximate the regular parts i*, |k| < 1, by i/ n U, e vh,
and ) € V! such that

k=xlay (@), v) +cfar (" o) = (fF o), YoeV:, 9D
k=0 do (ﬁg’ Uh) + Cg,e ap (90?8 " Uh) + C()Ca() ((,0_?C h Uh)

=(f"1w), VeV (98)
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Of course, we have the SCM reconstruction formulae:

k=i1-uﬁ=ﬁ’,;+c,i‘<pj? =il + ¢ (@) + 80)); (99)
k=0: uy =iy +cp, 00" +ch o0

=)+, (@ + 8, 9% +ch (@) + 8,9 (100)

The results of §5.4 then allow to conclude that:

k=21: Ja—c| Sh o, Na*=all,, <h 15,
(ZT1 YN Vid IR (101)

k=0:leg; —cos| Sh|F0o, o 1@ =l S0,
Ju® — uj; i Sh ||f0||01 (102)

6 Fourier Singular Complement Method

Let u be the solution to the 3D problem (2), and u* its Fourier coefficients. From
the previous Sections, we know that u*(r, z) solves the 2D problem (9), the weak
formulation of the elliptic problem (7-8). And, according to the mode &, one can
decompose u* as (17), (32) or (45).

The result of Heinrich [15, Thm 5.2] can be straightforwardly extended to our
domain with a sharp vertex.

Theorem 6.1 Let f € h*(Q), and u € ;II(Q) be the solution to (2). Then:
u(r,0,2) = i(r,0,2) +y©) 97 (r, 2) + co.c (. 2), (103)

with: it € H*(Q) N HY(Q), and y € HZ(SI) is given by the formula:

8
Y(0) = —5coe + 82 Z e’ + > e,

k==+1 k|>2

Like in the prismatic case (cf. [12], Remark 6.1), the hypothesis f € h%(Q) is
crucial: the lack of its satisfaction would prevent the convergence of y in a regular
enough space, and hence that of the singular part of the solution in the natural

space.
We define the Fourier—SCM (FSCM) solution to (2) as follows:
N
MEIN] — Z M (l" Z) elk@
k=—N

where “If, is the SCM solution to (9) algorithmically defined in §5. The main result
on this method is the following

Theorem 6.2 Assume f € h*(Q). Then the following error estimate holds:

2008

-

H\(Q) L2(9) H 002 LZ(Q)}'
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[N]
h

Proof Using the definition of ;"' and (6) we have

’ [N]

2
i

2 2 def
@ Z | _“1;!”<k> + Z “”kuuo L E+ B
lk|<N lk|>N
Using (19), we estimate E; as:
By =N Y8 (Juf), + 8 ;)
k>N

SN N o NI Mgy -
|k|>N '

As for E|, we cut it into three parts, corresponding to k = 0, |k| = 1, and 2 <
|k| < N, which we bound respectively by (102) and (101) and (85):

2 2 112 2
O VA (A S Yl FR BV w o Pl

2<|k|<N
a2 f
SE S e + ‘— :
{ L*(2) 902 L@
where we have used Lemma 2.2 to bound the sum. Hence the result. O

7 Conclusion

In this paper, we have proven that the FSCM for the Poisson equation achieves the
optimal convergence rate for [P, finite elements and a datum of L2-style regular-
ity in the meridian directions. The same result also holds for the discretization of
the Poisson problem with a homogeneous Neumann boundary condition, or with
non-homogeneous boundary conditions, provided there exist sufficiently smooth
liftings.

This result closely parallels that of the companion paper [12]. The specificities
of the axisymmetric geometry (namely, that the 2D problems are set in weighted
Sobolev spaces, which moreover vary for the low-order Fourier modes before sta-
bilising, and involve differential operators with non-constant coefficients) only
cause technical difficulties. As far as the presence of conical vertices is concerned,
its effect is no more than a finite-dimensional perturbation. Furthermore, it is no
difficulty to consider the case of an axisymmetric domain €2 with several reentrant
edges (i.e. w with several off-axis reentrant corners) and/or several sharp vertices.

As already mentioned, this paper is the second part of a three-part article [12,
13]. In [13], the FSCM is analysed from a numerical point of view (complexity,
implementation issues, numerical experiments, etc.), and it is compared to other
methods—in the axisymmetric case, to anisotropic mesh refinement techniques.

One can apply the same theoretical and numerical techniques to the fully axi-
symmetric heat or wave equations, with any L?-smooth (in space) right-hand side.
For these PDEs, the singular functions p; and ¢, do not depend on the time-step.
Finally, the results can also be viewed as the first effort towards the discretization
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of electromagnetic fields in axisymmetric domains, with continuous numerical
approximations, the importance of which is well-known, cf. [2]. As a matter of
fact, the SCM developed in [3-5] for fully axisymmetric electromagnetic compu-
tations can be generalized to arbitrary data, with the help of the results obtained
here.
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