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Abstract

A fundamental result of sub-Riemannian geometry, the Ball-Box theorem,
states that, in privileged coordinates, small sub-Riemannian balls look like boxes
[, eW1]x -+ x[—e¥n, e®n]. This description is not uniform in general. Thus
it does allow neither to compute Hausdorff measures and dimensions nor to
prove the convergence of certain motion planning algorithms.

In this paper we present a description of the shape of small sub-Riemannian
balls depending uniformly on their center and their radius. This result is a
generalization of the Ball-Box Theorem. The proof is based on the one hand on
a lifting method, which replaces the sub-Riemannian manifold by an extended
equiregular one (where the Ball-Box Theorem is uniform); on the other hand on
an estimate of sets defined by families of vector fields, which allows to project

the balls in suitable coordinates.
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1 Introduction

In sub-Riemannian geometry the shape of small balls is describe by the so-called
Ball-Box Theorem (Bellaiche [4], Gromov [9]): for ¢ smaller than a given ¢, the sub-
Riemannian ball centered at p of radius € looks like a box [—g%1, 1] -+ x[—g¥, "]
in suitable coordinates. However this description is not uniform in general: the in-
tegers w; can be different from one point to another and the positive number ¢, can
depend discontinuously on p (in particular €, can be infinitely small on a compact
set, though everywhere non-zero).

This reduces the scope of applications of the Ball-Box Theorem. Indeed the unifor-
mity of the description of the small balls is crucial for a lot of computations. It allows
first to count the number of balls of a given radius needed to cover a compact set.
Such counting give the Hausdorff dimension and estimates of the Hausdorff measure
and the entropy (Jean [11, 12]). It can also be used to show the convergence of certain
motion planning algorithms taking into account singularities (Laumond, Oriolo and
Venditelli [25, 13]).

Notice however that the Ball-Box Theorem is uniform near regular points, around
which the integers w; are constant. Results on Hausdorff measure and dimension
exist then for equiregular manifolds (Mitchell [16], Pansu [19]). This uniformity is also
responsible for the group structure of the tangent cone at regular points (Bellaiche [4],
Margulis and Mostow [15]).

In this paper we present a description of the shape of small sub-Riemannian balls
depending uniformly on their center and their radius. This result, Theorem 2, is
a generalization of the Ball-Box Theorem. The idea is to lift the sub-Riemannian
manifold into an equiregular one, where the Ball-Box Theorem is uniform, and then
to project the balls in suitable coordinates. The lifting part is based on works of
Bellaiche [4], Rothschild and Stein [22] and Goodman [8]. The choice of coordinates
for the projection is inspired by results of Nagel, Stein and Wainger [18] on certain

sets defined by families of vector fields.

The outline of this paper is as follows. Section 2 contains some recalls of sub-
Riemannian geometry, in particular the definitions of regular and singular points and
a precise statement of the Ball-Box Theorem.

The main result of this paper, Theorem 2, is established in Section 3. We express
first the Ball-Box Theorem in a continuous form near regular points. This formulation
is related to the notion of minimal basis of the tangent space. The statement of our

theorem requires a generalization of this notion. We see in fact that we must choose



the basis of the tangent space in function of the radius of the balls.

The proof of Theorem 2 is given in Section 4. We first construct an extended
sub-Riemannian manifold. This manifold is equiregular and its balls are projected
onto balls of the original manifold. The principle of the construction is to consider
the tangent space as the quotient of a free nilpotent Lie group by a sub-group. The ex-
tended manifold is then the sub-Riemannian manifold which nilpotent approximation
generates the corresponding free nilpotent Lie algebra.

In a second step we project the balls of the lifted manifold onto the original one.
The problem here is to choose a “good” coordinates system, in which the projected
balls look like boxes. This amounts to select a basis of the tangent space among a
family of commutators.

In this last part we need to estimate and compare all the possible determinants by
taking into account the length of the commutators and the radius of the ball. These
results, grouped together in Lemma 7, are quite technical. Moreover they will be used
in a more general form in a forthcoming paper. We therefore postpone their proof in

Section 5.

2 Sub-Riemannian manifolds

We recall here some definitions and basic results of sub-Riemannian geometry. More
general presentations can be found in Bellaiche [4] (the main reference for this section)
or in Kupka [14].

Sub-Riemannian distance. Let M be a real analytic n-dimensional manifold and
Xq,...,X,, analytic vector fields on M. We define a sub-Riemannian metric g on M
by setting, for each ¢ € M and v € T, M,

gq(v) = inf {uf 44 ufn wX1(q) + -+ unXin(q) = v} .

Notice that the infimum of the empty set is defined as +oo. The value g,(v) is then
infinite when v does not belong to the linear space spanned by the X;(q).
The length of an absolutely continuous path ¢(t) (0 <t < 1) is defined as

length(c) = /OT \/ Gery (€(t))dt .

The sub-Riemannian distance is d(p,q) = inflength(c), where the infimum is taken

on all the absolutely continuous paths joining p to q.



Remark. Only horizontal paths can have a finite length, that is the paths tangent al-
most everywhere to the distribution spanned by the X;. The sub-Riemannian distance

is then also equal to the infimum of the length taken on all the horizontal paths.

The manifold M endowed with the distance d, denoted (M, d), is called the sub-
Riemannian manifold attached to Xy,..., X,,.

The sub-Riemannian distance between any two points of M is finite if M is con-
nected and the following condition holds (Chow [6], Rashevsky [20]):

(Chow’s Condition) The wvector fields Xy,...,X,, and their iterated brackets
(X, X;], [[Xi, X, X4, ete. span the tangent space T,M at every point p of M.

Notice that the condition is also necessary here, since X4, ..., X,, are analytic vector
fields (Nagano [17], Sussmann [24]).

When Chow’s Condition is satisfied, the sub-Riemannian distance d is continuous.
The topology defined by d is then the original topology of M. In the sequel we always

assume that Chow’s Condition is satisfied.

Singular points. Let £' = £'(Xy,...,X,,) be the set of linear combinations,
with real coefficients, of the vector fields Xi,...,X,,. We define recursively £° =
L5(Xq,...,X,,) by setting, for s > 1,

L= et o, (1)

Due to Jacobi identity L£° is the set of linear combinations of all commutators of
Xi,...,X,, with a length < s. The union L of all £* is a Lie sub-algebra of the Lie
algebra of vector fields on M. It is generated by the commutators [[X;,, X,,], ..., X;,]-
Such a commutator is denoted [X;], where I is the multi-index I = (iy,...,7x) and
its length is |I| = k.

For p € M, let L*(p) be the subspace of T,,M which consists of the values X(p)
taken, at the point p, by the vector fields X belonging to £°. By Chow’s Condition,
at each point p € M there is a smallest integer r = r(p) such that L™®)(p) = T,M
(and so dim L™®)(p) = n). This integer is called the degree of nonholonomy at p.

We say that p is a regular point if the sequence
1 <dimL'(p) <--- <dimLi(p) <--- < dimL’"(p)(p) =n

remains constant in a neighborhood of p. Otherwise we say that p is a singular point.



Privileged coordinates. Set n, = dim L*(p) for s = 1,...,7, ng = 0 and define
another sequence w; < --- < w, by setting w; = s if ny_; < j < n,.

Call X;if,...,X,,f the nonholonomic partial derivatives of order 1 of f. Call
further X; X, f, X;X;X,f,...the nonholonomic derivatives of order 2, 3,...of f. If
the nonholonomic derivatives of order < s — 1 of f vanish at p, we say that f is of
order > s at p. A function f is of order s at p if it is of order > s but not of order
> s+ 1.

We say that local coordinates (qi,...,q,) centered at p are privileged coordinates
at p if the order of ¢; at p is equal to w;, for j = 1, ..., n. Privileged coordinates allow

to estimate the sub-Riemannian distance.

Ball-Box Theorem (Bellaiche [4], Gromov [9]). The following estimate holds
if and only if (q1,...,qn) form a system of privileged coordinates at p:

there exist constants c,, C, and €, > 0 such that, for q in M with d(p,q) < &,
(™ 4 gl ) < A0, (g1, qn) < Co(lan]™ + -+ + |gal /).

We can then describe locally the shape of sub-Riemannian balls. For € < ¢, the
ball B(p,¢e) looks like a box [—e"' e¥1]x -+ x[—e¥" £¥"] in privileged coordinates.
This description is not uniform. In fact the constants ¢,, C), and ¢, depend on p and
they may present discontinuities. In particular, if py is a sequence of regular points

converging to a singular point p., €,, tends to 0, though ¢, is non-zero.

3 Shape of sub-Riemannian balls

Let (M, d) be the sub-Riemannian manifold attached to a system Xj,..., X,,. In the
following we need the notion of determinant of n vectors on T'M (recall that n is the
dimension of M). We then assume that M is an orientable manifold with a given
volume form and denote by det the determinant n-form with respect to this volume

form (see for instance [1]).

3.1 Minimal basis

Near regular points, the estimate of Ball-Box Theorem can be stated in a uniform way.
It requires the construction of a system of privileged coordinates varying continuously
with their base point. We will see that the basis of the tangent space involved in this

construction are well determined for “free” distributions.



Let p € M. We call minimal basis at p a family of commutators ([X,],...,[Xr,])
which values at p form a basis of T, and such that the total length """ | |I;| equals
> o w;. It implies that, up to a permutation of indices, each |I;| equals w;.

To a family I = ([X,,],...,[X],]) we associate the application

gbz (or ¢p) = (u, ..., up) — pexp(u,[Xy,]) - exp(ui[X1,]).

When [ is a minimal basis at p, z is a diffeomorphism from a neighborhood of

0 € IR" into a neighborhood of p in M. It defines local coordinates, called canonical

coordinates of the second kind, which are privileged at p (Hermes [10]).

Remark. Here and in the sequel we note on the right the action of diffeomorphisms:
pexp(tX) results from the action of exp(¢X) on point p. This notation is consistent
with the notation for Lie group (used below in the proof of Lemma 4): diffeomorphisms
which come from flows of left-invariant vector fields are defined by right multiplication.
It means also that the Lie bracket is defined as [X,Y] = LxY = —Ly X (Lx is the

Lie derivative in the direction X).

Let us consider now a regular point py in M and a neighborhood U of py containing
only regular points. Let ([Xp],...,[X,]) be a minimal basis at py. Reducing if
necessary U, we can assume that it is a minimal basis at every point p € U. Thus ¢
is a local diffeomorphism for all point p € U. This application defines at every poing
p € U a system of privileged coordinates varying continuously with p.

In this case the constants ¢,, C, and ¢, given in Ball-Box Theorem depend con-
tinuously on p (Bellaiche [4, p. 75]; see also Mitchell [16], Margulis and Mostow [15]).

Hence we have a continuous version of Ball-Box Theorem near regular points.

Lemma 1. Let py € M be a reqular point and ([Xy,],...,[X1,]) a minimal basis at
po- There exist an open neighborhood U of py and functions c¢1(p), ca(p) and £1(p) > 0
continuous on U such that, for allp € U and € < £1(p),

Bi(p;c1(p)e) € B(p,e) C Bi(p, ca(p)e)
where Br(p,e) = {pexp(u,[Xy,]) - - - exp(ui[Xp,]), |wi| <ellil] 1 <i<n}.

In the proof of Theorem 2 below (§ 4), we will apply this lemma to a particular
class of system for which the minimal basis are easy to determine. Let us introduce
some definitions.

We say that the Lie algebra g is nilpotent of step r if gt = 0, where gt is
defined inductively g = g, g¢*? = [g(®), g]. In other words, denoting Ay, ..., Ay,
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the generators of g = L(A1,...,A,,), the nilpotency condition reads as £ = L"
(L" is defined by (1)). Let F be the free Lie algebra on m generators (F is infinite-
dimensional). Then n,,, = F/F"+ is clearly nilpotent and is called the free nilpotent
Lie algebra of step v on m generators. We denote by n(m,r) its dimension.

The vector fields Xi,...,X,, on M are said free up to order r at p € M if the
vector space L"(X1, ..., X,,)(p) has the same dimension as n,,,. Notice that it is the
greatest possible dimension for this vector space (among all distributions of m vector
fields and all points of M).

Now, consider a manifold M of dimension n(m,r) and vector fields &;,...,&, on
M free up to order r at p € M. Since dim L" (&1, ...,&,)(p) = dim M, p is a regular
point for the distribution &1, ..., &, and r is the degree of nonholonomy at p.

The other important property of this distribution is that the minimal basis at p
are determined only by 7 and m. In fact, a family ([£,],...,[¢s,,,,]) is @ minimal
basis at p if and only if the set of multi-indices J = {J1, ..., Ji(m, } corresponds to
a basis [Ay], ..., [Az,

m)] of ny,, (Ai,..., A, denote the generators of n,, ).

3.2 Associated basis

The notion of minimal basis is related to the one of privileged coordinates and so to
the Ball-Box Theorem. We will define now a larger class of basis suited for uniform

estimates.

From now on, we restrict ourselves to a compact subset €2 of M. We denote by r
the maximum of the degree of nonholonomy on (2.

Let p € Q and € > 0. We consider the families of vector fields ([X,],...,[X1,])
such that each bracket [X; ] is of length [I;| < r. On the (finite) set of these families,

we have a function

‘ det <[X11]5”1|, o [Xln]g”"‘> (p)‘. 2)

We say that the family I = ([Xy,], ..., [X1,]) is associated with (p, €) on € if it achieves
the maximum of this function. In particular the value at p of a family associated with
(p, ) forms a basis of T,,M.

We will need also a slightly different notion when the commutators are chosen
in a restricted set. Let J be a set of multi-indices. We say that the family I =
(X1, ..., [Xy5]) is J-associated with (p,¢) if each I; belongs to J and if I achieves

the maximum of the function (2) taken on the families with multi-indices in J.



Let us explain how the associated families vary in function of €. Fix p € Q). For ¢

small enough, every family associated with (p,¢) is of minimal total length, that is

S oLl => " s(dim L*(p) — dim L (p)) = Y " w; = D(p).
i=1 s>1 i=1
This implies that the family is a minimal basis at p.

Set > " w; = D(p). We obtain a sequence 0 < epp)(p) < eppyt1(p) < -+ <
en(p) < 1 such that, for € in |ep_1(p),ex(p)[, every family associated with (p,e)
has a total length > . |I;| equal to k. Setting ex(p) = 0 for £ < D(p) we see that
each €;(p) is a continuous function of p on Q. However the function ep(p) is not
continuous everywhere: if pg is a singular point and p a regular point near pg, we have

D(po) > D(p), so epgy(p) tends to 0 as p tends to py when €p,)(po) is nonzero.

Let us illustrate these notions with an example. Consider the Martinet distribution

defined in IR? by the vector fields

0 0 2
X2=—+%

9 9
- oz’ Yy 0z

The only non zero commutators are

9 0
Xz = [X1, Xo] = xa, Xio1 = [ X1, Xo), Xu] = 5

Every point in the plane {x = 0} is singular. The degree of nonholonomy is 2 at
regular points and 3 at singular points. Two families of vector fields have a non
identically zero determinant, I = (X1, Xs, X15) and J = (X1, Xs, X121). We have

| det(e X1, eXo, 2 X10) (2, y, 2)| = |2|e?, | det(e X1, X, 3 X191) (2,5, 2)| = €°.
Thus the families associated with ((m, Y, 2), 5) are:
Jif |z| <e, J and I if |z] =¢, I if |z| >e.

At a singular point py = (0, y, ), the minimal basis is J and we have D(py) = 5 and
e5(po) = 1. Actually e5(pg) should be equal to 400 but we are interested in small
values of €, so we have required €x(py) < 1. At a regular point p = (z,y, z), * # 0,
near pp, the minimal basis is  and D(p) = 4. We have then e4(p) = |z| and 5(p) = 1.
We see that ep()(p) = 4(p) tends to 0 as [z| — 0, when €p,)(po) = €5(po) = 1.



3.3 Uniform estimate of sub-Riemannian balls

For p € M and € > 0, B(p,e) (or B%(p,¢)) denotes the open ball centered at p of
radius ¢ for the sub-Riemannian distance d. As in Lemma 1, we set also, for a family
I =([Xg],...,[X1,]) of vector fields,

Bi(p,e) = {pexp(u,[Xp,]) - - - exp(ui[X1,]), Jus| < gl 1 <i< n}.

Theorem 2. Let Q2 C M be a compact set. There exist a constant 69 > 0 and
functions k(9), K(9), 0 < k(5) < K(0), with lims_o K(5) = 0, such that:
for everyp € Q, e <1, § < &y and every family I associated with (p,e) on €,

Bi(p, k(6)e) C B(p,de) C Bi(p, K(6)e). (3)
It is worth writing the more simple statement where § = ¢ is fixed.

Corollary 3. Let 2 C M be a compact set. There exist constants ¢, C and 6y > 0
such that, for every p € Q, e < §y and every family I associated with (p,/dy) on €2,

Bi(p,ce) C B(p,e) C Bi(p, Ce). (4)

These results extend Ball-Box Theorem (page 5). Indeed, with the notations of
§ 3.2, for € < doep(p)(p), a family I associated with (p,e/dy) is a minimal basis at p. It
defines then canonical coordinates (ui, ..., u,) of the second kind on By(p,¢), which
are privileged at p. For these values of ¢, (4) is equivalent to the estimate of Ball-Box
Theorem.

Hence the estimate of Ball-Box Theorem holds for balls of radius less than e(p) =
ep(p)(p). We have seen in particular that e(p) can have no minimum on 2, though
(3) holds for radius less than dy, independent of p. Theorem 2 gives then a uniform
estimate of sub-Riemannian balls.

In estimate (3) the family I used to construct B; and the coordinates u; depends
on . That’s why we have introduced §: it allows to compare balls B(p, d¢) of different

radius in the same coordinates u; (that is with the same I).

4 Proof of Theorem 2

To show Theorem 2 we first construct locally an extended manifold (]Téf , c?) for which
we are able to estimate the balls. We project then the estimates onto M and use
the compactness to make the result global on €). Finally we show that the projected

estimates look like boxes in suitable coordinates.



4.1 Lifting of the manifold

We can reduce locally the study to a sub-Riemannian manifold with no singular points

thanks to the following lemma.

Lemma 4. Let p € M and let r be an integer greater than, or equal to, the degree of
nonholonomy r, at p. Denote by n = n(m,r) the dimension of the free nilpotent Lie
algebra of step r on m generators and by M the manifold M = M xIR™™. Then there
exist a meighborhood UcM of (p,0); a neighborhood U C M of p, U x {0} C U;

coordinates (y,z) on U; and vector fields on U

&i(y, 2) Z bij(y, 2 (5)

j=n-+1

such that,
e the vector fields &1, ..., &, are free up to order r at every point in (7;

e cvery q € U is reqular for the distribution &,...,&n and L™(&p, ..., &0)(q) =
T(TM,'

e denoting T the canonical projection from M onto M and d the sub-Riemannian
distance on M attached to (&1, ...,&m), we have, for ¢ € U and € > 0 such that
B((¢,0),e) C U,

B(g,e) = m(B%((4,0),¢)). (6)

Remark. As noticed in 3.1, the second point is a direct consequence of the first one.

Most of this result is originally due to Bellaiche [4, p. 49]. It is based on the
lifting method introduced by Rothschild and Stein [22]. There is however a mistake
in Bellaiche’s proof. Our proof is then inspired of his own and include the necessary

correction.

Proof. Fix p € M and consider a system of privileged coordinates (¢i,...,q,) at
p. With these coordinates we build the nilpotent system Xl, .. X approximating
Xy,...,X,, at p. Various nilpotent approximations have been used since the works
of Rothschild and Stein [22] and Goodman [8] (see for instance [2, 3, 10, 21, 23]). Let
us recall here the construction presented by Bellaiche [4].

Let (wq,...,w,) be the orders of (¢1,...,q,) at p. We say that a polynomial is

homogeneous of weighted degree s if it is a linear combination of monomials qil ceegln,
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with wily + -+ + wy,l, = s. Its order at 0 is equal to its weighted degree. Each X;
may be rewritten near p as X;(q) = Z;L:l(fij(ql, o qj—1) + 6i;(¢))0/0q;, where f;;
is an homogeneous polynomial of weighted degree w; — 1 and g;; a function of order
greater than wj — 1 at 0. We define )A( as Z? ii(as - 45— 1)8/8%

Thus each X; is a vector field on IR”. The Lie algebra E(X ¢ m) 1s nilpotent of
step 7. Moreover, for s > 1, L(Xy, ..., X,»)(0) and L*(p) have the same dimension.

We are going to prove the lemma in two steps. We first construct vector fields
@ on R satisfying (5) with X; instead of X;. Then we give the vector fields & and
prove (6).

Let n,,, be the free nilpotent Lie algebra of step r on m generators and A,,..., A,
its generators. The corresponding simply connected Lie group is N = exp(n,, ).

Since r > r,, the correspondence w(A4;) = 552‘, 1 <4 < 'm, extends to a surjective
Lie algebra homomorphism from n,, , onto L(X1,..., Xp): for A= > ClAnL]inng, .,
w(A) = >, ¢[Xy]. In the same way, every element g = exp A in N corresponds to a
diffeomorphism exp(w(A)) of IR". We can then define a right action of N on IR" :

0:(q,9=expA) — qexp(w(A)),

which is transitive (because )?1, o ,)?m satisfy Chow’s condition).

Denote by H the isotropy subgroup of 0, that is H = {g € N, 6(0,g9) = 0}.
Assigning (0, g) to g defines a map from N to IR™ mapping the identity of N to 0.
This map gives rise to a diffeomorphism ¢ : H\N — R".

Moreover H is connected and simply connected (because H is invariant by a one-
parameter group of automorphisms of N, see Bellaiche [4, p. 49] for details). This
implies that H = exp ) where the Lie sub-algebra h C n,,, is the set of elements A in
Ny, such that w(A)(0) = 0, that is

h= {Z cj|Ar;] such that ch[)?fj](O) = O} .

J J
Let us construct now coordinates on N, H\N and IR". Consider (B, ..., B,) in
n,,,» which span a supplement of b in n,, , and complete it with a basis (D41, ..., Dz)
of h. Set }//\;:w(Bi),i: 1,....n
We define coordinates y € R" on H\N and IR" by the diffeomorphisms:

y +—— Hexp Zyz ) e H\N <% g=0exp Zy ;) € R”,

=1 =1

11



and coordinates (y, z) € R" on N by

n

(1:2) — g=exp( D D) e (Y uib). (7)

j=n+1

Let & (resp. é}) be the element A; of n,,, viewed as a left invariant vector field
on N (resp. on H\N), i.e. & (resp. g‘) is the infinitesimal generator of exp(tA4;) on
N (resp. on H\N). Identifying coordinates y on H\N with coordinates y on IR" by
¢, we identify @(y) to )A(,(y)

Claim. There exist smooth functions by on R™ such that

5(3/7 Z bz] Y,z

j=n+1

Proof of the claim. We only have to prove that @ and )?Z have the same coordinate
on 0/0yy, for k =1,.
The vector fields @ and § are defined as

% [Hgexp(tA;)]

o

E0) = Sloesp(tA)]| L E(Hg) =

In coordinates (y, z), we have

gexp(tA;) = exp( Z szj) exp (Zkak) exp(t4;),

j=n+1 k=1
Hgexp(tA;) = Hexp (Z Y B ) exp(t4;).
k=1

The product exp (> y_, yxBx) exp(t4;) is an element of N. Hence it can be written
as h(y,t)g(y,t) with h(y,t) € H and

n

g(y,t) = exp (Z ce(y, t)By).

k=1

Since H is a subgroup of N, exp(>" z;D;)h(y,t) belongs to H and we have

j= n+1

n

gexp(tA;) = exp Z d;(y, 2, t)D;) exp (> ex(y,t)Br),
j=n+1 k=1

Hgexp(tA;) = Hexp (Z cx(y, t)Br).

k=1

12



The coordinate of g on 0/0yx is by (y) = %’“(y, 0) and is equal to the one of @ Since

we have identified @(y) to X;(y), it proves the claim.
Define now a lifted manifold M = M x R™™. On a neighborhood U of (p,0) in

M , we construct vector fields
0
iy, 2) = Xi(y) + Z bij(y, Z)a—z
j J

with the same b;; as in the expression of a Remark that, by means of the coordinates
(q1,---,qn), we have identified a neighborhood of p in M with a neighborhood of 0 in
IR"™. The coordinates y can then be considered as coordinates on M near p.

By construction El, . ,Em is the nilpotent approximation of &i,...,&, at (p,0).
Therefore &1, ..., &, are free up to order r at (p,0). Reducing if necessary U we can
assume that this property holds on the whole of U. It implies in particular that every
point ¢ € U is regular for the sub-Riemannian structure defined on M by &1, ..., ¢m
and that L"(&,...,&n)(Q) = T(;M. This shows the first two points of Lemma 4.

Denote by 7 the canonical projection from M onto M and by d the sub-Riemannian
distance on M. Consider an open set U 3 p in M such that U x {0} C U. Let qeU
and € > 0 be such that Bg((q, 0),¢) C U. The ball B(q,¢) (resp. Bg((q, 0),¢)) is the
set of points in M (resp. ]\7) that can be joined to ¢ (resp. (¢,0)) by an horizontal
path of the X;s (resp. &;s) of length smaller than e.

Now, due to the form of &;, every horizontal path of the X;s going through ¢ and
with a length smaller than ¢ is the projection of an horizontal path of the &;s going

through (¢,0) with the same length, and vice-versa. We have then

B(q,¢) = n(B%((¢,0),2)).

This ends the proof of Lemma 4.

-~

Remark. In [4, p. 49], Bellaiche constructed vector fields El, ..., &n in the same way,
but instead of N, he uses the group generated by the diffeomorphisms exp t)?i acting
on T,M. The problem with this construction is that (p,0) can be not regular for the
distribution &4, ...,&,. Indeed, a point can be singular for a system and regular for
the nilpotent approximation taken at this point (for instance 0 € IR? for the system

— 9 — 9 9 — 100 9
Xi1=4,Xo= 5 T3 and X3 = 2" 5).
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4.2 Projection onto the original manifold

Let us apply Lemma 4 to a point p € € and to the maximum r of the degree of
nonholonomy on (2. We thus obtain a neighborhood Uc M of (p,0) and a distribution

&1y, &, on U.

Choose a set of multi-indices J = {Ji,..., Jz} corresponding to a basis of n,,,
(see § 3.1). The family [£;,],...,[£s.] is a minimal basis of T(, M at (p,0). Every
point in U is regular. Reducing U if necessary, we can assume that [¢,,], ..., [¢ s 1s a

minimal basis of TZ;M at every point q € U.
We are in a position to apply Lemma 1: there exist functions C1(q), Cs(q) and
£1(q) > 0 continuous on U such that, for every ¢ € U, if € < £1(q), then

By (3. Ci(q)e) € BUG.€) C By (@, Ca(q)e) (8)

where Ej(fj, g) = {?]Vexp(xﬁ[fJﬁ]) ceexp(z[€,]), Tl < el 1<i< ﬁ}

There exist only a finite number of sets J corresponding to a basis of n,,,. We
can then assume that (8) holds on U with the same functions €1 (), Cs(q) and &,(q)
for every J.

Moreover n and the sets J corresponding to a basis of n,,, depend only on r and

m. They are thus the same at every point p in 2.

Projection of M onto M. To come back to the original manifold M, we have to

project the sets B (7, ). Using (5), we write a commutator [¢,] as
0
£)(0.2) = (X)) + 3 byl 2) o )
j J
Now, if ¢ = qexp(xn[€s.]) - - - exp(x1[£,]) belongs to B;(q,¢) and if § = (¢,0), then
the projection of ¢’ onto M is
(@) = qexp(za[Xz]) - - exp(aa[X]).
Denoting by B (g, ¢) the projection of the set B ((g,0),e), we have
By(q,e) = {qexp(za[X,.]) - - exp(z1[X]), 2| < el 1<i< n}.
As U x {0} C U, it follows from (6) and (8) that, for ¢ € U and ¢ < £,(q, 0),

By(q,Ci(g)e) € Blg,e) € By(g, Ca(g)e). (10)
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For every p in €2, the construction above gives a neighborhood U, and continuous
functions C1(q), Ca(q) and €,(q) on U, such that inclusions (10) hold for every set J
corresponding to a basis of n,,,. Since ) is compact, there exists a finite covering
of O with compact sets €; C U, and constants C;(€;), C2(§%), €1(£) > 0 such that
(10) with C1(£2;) and C5(£2;) holds on each €, for e < &1(€)).

Set C1 = min; C1(€Y), Cy = max; Cy(€Y) and 7 = min; £1(€2;). We have obtained
constants C7, Cy and ¢; > 0 such that, for every ¢ € Q, ¢ < g and every set J

corresponding to a basis of n,, .,

Bj(q, 015) C B(q,g) C Bj(q, 025). (11)

4.3 Choice of coordinates

Consider now one of the sets J given above.

Lemma 5. There exist a constant 0 < 69 < 1 and a function K'(6), lims_o K'(§) = 0,
such that, if p € Q, e < 1 and if I is a family J-associated with (p,€), then, for all
0 < g,

Bi(p.de) C By (p,de) C Bi(p, K'(6)e).

This lemma allows to achieve the proof of Theorem 2. Indeed, since there is only
a finite number of J, we can assume that dy and K’ are the same for all these sets.
But, for at least one set J, a family J-associated with (p,¢) is also associated with
(p,e) (associated and J-associated families are defined in § 3.2). By using (11) we
then obtain the estimate (3) on the whole Q, that is Theorem 2.

Proof (of Lemma 5). One of the inclusions is obvious: since [ is a J-family, for

any radius R we have

Bl(pv R) - BJ(p7 R)7
whenever these sets are defined.

To obtain the reverse inclusion, we need some intermediate result. Let us first
introduce some notations. For ¢ > 0, we denote by Box(e) the set {|u;| < elfil, 1 <
i <n}in R". Given p € M and € small enough, B;(p,¢) is then the image of Box(¢)
by the application ¢;(u) = pexp(u,[Xy,]) - - - exp(ui[Xp,]).

Proposition 6. There exist constants 0 < 0y < 1 and C > 0 such that, if p € €,
e <1 and if I is a family J-associated with (p,€), then the following properties are
satisfied.
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(i) ¢r is a local diffeomorphism in a neighborhood of every point of Box(d;€).

(11) At every q € Bi(p,d1€), the values of [ Xp,],...,[X1,] form a basis of T,M and
for every J € J
|Xf,(q)| < Cellil=11

where Xy is defined by [X,)(g) = S0y Xi(g) [X1,)(9).

(111) Denoting by (1, ...,%n) the local inverse application of ¢, we have, for every
q S Bl(p7 61€>7
|[le] Q/JZ(q)} < 9elil=1151

The proof of this proposition is long and technical. It is postponed to § 5.

Now, set K'(8) = 2(4C7ind)"/" and 6y = K'~'(6,). Consider p € Q, e <1, [ a
family J-associated with (p,e) and § < §p. We will show that, with this choice of
K'(6), Bz (p, d¢) is included in By (p, K'(6)e).

Let g be a point in By(p,de). By definition ¢ = pexp(zz[X.]) - - exp(x1][X )
with |z;| < (6¢)1il. We define an absolutely continuous path «y : [0,72] — Q2 by v(0) = p
and

Y(t) = [ X,](v(t)) when te€[n—in—i+1]

In other words we have
Y(t) = pexp(as X ]) - - -exp((t — n+i)x;[X,,]) when t € [n —i,n—i+1].

This path v verifies y(n) = ¢ and we can assume that it is one-to-one (changing if
necessary (zi,...,xs)).

From Proposition 6, ¢; is a local diffeomorphism on Box(d;e). Therefore, for
to € [0,n] small enough, there exists a unique absolutely continuous application 6 :
[0,20) — IR™ such that, if ¢ € [0,%], 6(t) € Box(3K'(0)e) and ¢;(0(t)) = y(t). We
take the closure Box of Box to have a compact set. This set is included in Box(d,¢)
since we have chosen K'(dy) = 0;.

Let T be the least upper bound of t; such that 6 does exist. We want to show
that T = 7, that is v(77) = ¢ belongs to B (p, K'(6)e).

Notice first that v and 6 are one-to-one on [0, 7] and that ¢; is a local diffeomor-
phism on Box(d,e). Therefore ¢; is a global diffeomorphism on a neighborhood of
6([0,T]) and its inverse application gbzl = (¢1,...,%,) is well defined on this neigh-
borhood.
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Suppose T' < ni. This implies that 6(T) belongs to the boundary of Box(5K'(6)e).
Hence there exists j such that [;(y(T))| = (%K’((S)g)lm.
On the other hand we can compute ;(7(7")) as an integral.

w00 = [ Fuiao= [ 50 b (12)

But for each ¢ there is one 7 such that
V() = 2l X ](v(1) = iﬂfina (YEDIX L] (v(2))-
=1
Thanks to Proposition 6, we can bound X, and [X/ ] - t;:
400 - w52 (E)] < 32 2C ] =4 -
I=1

Since |z;| < (6¢)7il, we obtain |§(t) - ¥;(v(t))| < 2Cndilellil. This yields to

1

[ (3 ()] < 2Cmidell = 2 (SK(2)) "M,

N | =

Since |I;| < 7, we have proven |¢;(v(T))| < (%K’((S)a)uﬂ. This is in contradiction
;]

with 1,(4(T)) = (LK7(5)2)".
We have then T' = n, which ends the proof.

5 Estimations of some determinants

This part is devoted to the proof of Proposition 6, the technical result used above
when proving Lemma 5. This proposition, as well as certain consequences of its
proof, have their own interest: in particular they will be used in a forthcoming paper
(see also [11]). We group then together these results in Lemma 7, that we prove in
this section. Proposition 6 appears as a corollary.

This lemma comes essentially from a result of Nagel, Stein and Wainger [18]. Our

proof follows the same scheme but provides some simplifications.

5.1 Notations

Let us introduce first some notations (and recall some defined previously). For a
family I of n brackets ([X1,],...,[X1,]), we denote by D(I) = |I1|+- - -+|I,| the total
length and by Ar(q) = det([Xy,],...,[X1,])(¢) the determinant.
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Given p € M, the application ¢; from an open neighborhood of 0 € IR" to M is
defined by

¢1(u) = pexp(un[Xrp,]) - - - exp(ur[Xp]).

For ¢ > 0, Box(e) denotes the set {|u;| < e/l 1 <4 < n} in R™ and its image is
Bi(p,2) = 61(Box(2)).

Consider a set of multi-indices J = {Ji, ..., Js} corresponding to a basis of n,,
(see § 3.1). A family [ is said [J-associated with (p,¢) if each I; belongs to J and

1AL (p)|ePD = max{|Ag(p)|e”?E) | K s.t. each K; € J}.

Finally remark that every bracket [X;| can be written on 2 as

(X(@) = Y pmle) [Xs)(a), (13)

|k <|1]
where each up,, K =1,...,n, is a C* function on €.

Lemma 7. Let Q2 C M be a compact set, r the mazimum of the degree of nonholonomy
on Q and J a set of multi-indices corresponding to a basis of n,,,. There exist
constants 0 < 01 < 1 and C' > 0 such that, if p € Q, ¢ < 1 and if I is a family
J -associated with (p,€), then the following properties are satisfied.

(i) ¢r is a local diffeomorphism in a neighborhood of every point of Box(d;€).

(ii) For every q € By(p, 61€),

%‘Al(pﬂ < [As(g)] < 2|As(p)].

IAL(q)|ePD > = max{|Ag(q)|P?E), K s. t. each K; € T},

1
C
and for every J € J
{X§(Q)| < Celtil=1J]
where X is defined by [X,](q) = > 1, X5(q) [X1](q).
(i1i) Denoting by (1, ...,1¥,) the local inverse application of ¢, we have, for every
q € Bi(p,d1¢),
[X0,] - hilg)] < 261
1

v

2
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Moreover, given T > 0, there exists (1) €]0,01] independent of p, € and I such
that, if ¢ € Bi(p,0(7)e), then

|[X5,] - ilg)] < mel™ 7160 g £,

Remark. Proposition 6 is a direct consequence of this lemma.

This lemma contains only estimates of determinants and of ratio of determinants.
Its proof is organized as follow. Preliminaries computations in § 5.2 give Taylor expan-
sion of some functions in exponential coordinates. We then estimate the determinants
A;in § 5.3. With these estimates we show in § 5.4 that, if I is J-associated with
(p,€), then the Jacobian of ¢; is nonzero on a set B;(p, ke). Finally we use all these

results to prove Lemma 7.

5.2 Preliminary results

Consider a point p € M, a family of brackets I = ([Xp,],...,[X,]) and the application
¢1(u) = pexp(un[Xp,]) - - exp(un [Xp,]).

Proposition 8. The Jacobian of ¢r is

B O0p1 dor
Tou(u) = det (FE()...... 5o (w)

with, fori=1,...,n,

Opr, ut' oy i o

e X e bl e e ). 09
Proof. Each partial derivative of ¢; is written as

0o d

5o () = 7 (pexp (ua[X2]) -+ exp (s + 01X2]) -+ exp (m[Xn) )| . (19)

Let us recall first a classical result on Lie algebras. Set [Yad Z] = [Y, Z] and
[Yexp(ad Z)] = > ;s 1[Yad'Z]. We have (see for instance Bourbaki [5))

exp(Y) exp(Z) = exp(Z) exp([Y exp(ad Z))).

Using this relation in 15, we “push” the term depending on ¢ to the right of the

exponential product, that is
Pty = L (outwyesp (¢ [[(Xa) expladus[Xs, )] --expladen[X,,)])

ou;
= [[[Xplexp(adu;1[Xy,_,])] - - explad s [X1,])] (o1 (w).

By using the definition of [Y exp(ad Z)] we obtain the required expression.

t=0
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Proposition 9. If f is a C*° real-valued function defined on a neighborhood U C M
of p, then the Taylor expansion at 0 of ' = f o ¢y, is

f)+ > dau Xk ] Xk ] £(0)
1<s<la]
225 [Kjl=(a.D)
where the A, are constants and (a, I) = aq|L]| + -+ + o] L]

Proof. The Taylor expansion of F'(uy,...,u,) at 0 is

o0

ue ol p
lo|=0
Here we use classical notations for multi-indices: a = (a1,...,ay), |a| = a1+ -+ ay,
al = o). ..o, and u& = u%l U,
Let us compute the partial derivatives of F' at u = (uy,...,u,). For |a| = 1, we
have OF 96 96
) = Toy f(G2) = S £(6w)
By using (14) we obtain
OF ut "
G = 2 e P ] ad (X ] ad” (X ) - f(o(w).
V1,..,0i—120
We introduce the notations v = (v1,...,v,) and (v, I) = > v;|I;|. Hence g—fi(u) is

a linear combination of terms u*[X |- f(¢r(u)), with |K| > |I;| and (v, I) = |K|—|I;].

To compute order 2 partial derivatives of F' we differentiate each one of these terms
with respect to u;, j =1,...,n:

e (] 1(00) = (o) X - Fou(w) + 0 52 (] o).
If (v,I) < |I;|, then the first term is zero. Otherwise it is written u? [Xx] - f(¢r(u)),
with |K| > |;| + |1;] and (v, ) = |K| — |I;| — |I;|. Using again (14) we see that the
second term is a linear combination of u*' [ Xy, ] - [Xg,] - f(ér(u)), with |K;|+ |Ka| >
[Li| + |1;| and (", I) = [Kq| + | Ks| — | L] — |11

An easy induction on |a| shows that %(u) is a linear combination of terms in
the form [ Xx, |- [Xk.]- f(¢1(w)), with s < |af and (v, [) = >, |K;[ =2, [1a,] > 0.
Taking the values at 0 we obtain

olel p

o O = D dalXk][Xi] - f()
25 1K 1=325 |

and then the Taylor expansion of F' at 0.
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5.3 Determinant estimates

Let p € Q, ¢ > 0 and let I be J-associated with (p,e). We are going to estimate
quantities arising when computing the Jacobian of ¢; on Bj(p,e). According to
Proposition 8, this Jacobian depends on determinants of the form Ag. In a first
step we bound these determinants and their derivatives at p. We use then a Taylor

expansion to give bounds at points near p.

Proposition 10. Let Ny be an integer. There exists a constant Cy, > 0 such that,
forallp € Q, e €]0,1] and I a family J-associated with (p, ), we have:

if [ Xr, s -, [Xk,] satisfy Y. |K;| < No, and J is a family of n brackets of total length
D(J) < Ny, then

Xk [Xi,] - Au(p)] < O [Ar(p)[ePB-PO— IRl

Proof. Notice that, for a given N, there is a finite number of multi-indices K such
that |K| < N. Therefore, for such multi-indices, we can find a constant greater than
|k (p)|, for every p € Q and 1 <k <7 (ugk(p) comes from (13)).

Let us consider a family J of n brackets, with D(J) < N. Property (13) implies

that, for every p € Q,
[A;(p)| < Cst max{|Ag(p)|, D(K) < D(J), each K; € J}.

Let I be a family [J-associated with (p,e). Its definition and the fact that ¢ <1
yield to

As(p)| < Ost|Ag(p)]e” PP (16)

We need a classic formula (see for instance [7, Ex. p. 93]): if V.Yy,... Y, are
vector fields on M, then

Vedet(Yr,..., Ya) = > det(Vy,..., [V, Yi],..., Vo) +
=1

+div(V) det(Yh,....Y,). (17)

Recall that div is defined with respect to the chosen volume form on M (see [1, p.
130]).

Let [Xk] be such that |K| < Ny and J a family of total length D(J) < No.
According to (17),

Xkl - As(p) = div([Xk]) As(p) + Z Agi(p),

21



where each D(K"') = D(J) + | K| < 2Ny. Applying (16) (with N = 2Ny) to each K

and to J, we obtain
[Xk] - Ay (p)] < Cst |Af(p)|ePD-PL-IKL
A recursion on s allows to conclude.

Proposition 11. Let Ny be an integer. There exist 6y, € ]0,1] and a constant Cy;,
such that, if p € Q, ¢ €]0,1] and I is J-associated with (p,e), we have, for all
q € Br(p,dnye),

Ar(a) ~ Ar(p)] < 5] 5100)

and for every family J of n brackets such that D(J) < Ny,

)

Proof. The proof is based on Taylor expansions given in Proposition 9. Given a

family I of n brackets, we define

Fy(uy,...,u,) = Al(pexp (un[XJn]) - exp (u1[XJ1])>.

It is a smooth function on a neighborhood of 0 in R" — say {(uy,...,u,), ||u|| <}
— and depends continuously on p € €). Hence, for a given N, there is a constant cy
such that, for p € Q and ||u|| < 4,

Fyu) = 37 55 2 (0)| < enful ™ (19

(|lw]| denotes here the Euclidean norm on IR™).

The idea is to fix N such that the right hand side of (18) is less than 1/4A;(p). We
use then Proposition 9 to compute the sum in the left hand side and Proposition 10
to bound it by 1/4A(p).

Let I be a family J-associated with (p,e). We set N = max |D(J) — D(K)| and
n = inf,eq max |A;(¢)| (the maxima are taken on all families J and K with elements in
J). The real number 7 is nonzero since [X ;,|(q), ..., [X . ](q) generate T, M at every
q € Q. Tt follows from the definition of a J-associated family that A;(p) > ne™. So
there is a constant § > 0 independent on p, € and I, such that, if ||ul| < de, then

enflul T <

Ar(p).

RS
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This inequality holds in particular when |u;| < (J¢)/i! for each I;, that is when the
point pexp(u,[Xy,]) - - - exp(u1[X,]) belongs to By(p, de).

Using this inequality in (18) we obtain, if |u;| < (d¢)/51]

ue oled
By~ E0)] < 1A + | S0 5 Sl

lal=1 —

But, according to Proposition 9, the above sum of partial derivatives equals

Yoo deut (X)X Arp)
1<]a|<N
>k [ Kkl=(a.l)
(recall that (a,I) = aq|l1| + -+ + ay|l,]). Due to Proposition 10 we have, if |u;| <
(385!,
0 [Xi,] - [ Xk, ] - Ar(p)] < O, 048 AL(p)] < O, 01 AL (D).
To conclude we just have to choose dy, such that the sum (on « such that 1 < |a| < N)

of constants \,Cl, is smaller than 1/(4dy,).

We have shown the first inequality of the proposition. The second one can be

proved in the same way.

Corollary 12. Let Ny be an integer and set No = Ny + S0 |Ji|. The constants
and Cy, are given by Proposition 11. If p € Q, € €10, 1] and if I is J-associated with
(p,€), then, for every q € Br(p,dn,e) and every [X ;| of length |J]| < Ny,

where X is defined by

[XJl(q) = ZXT}(CJ) [X1](9)-

Proof. We only have to notice that

) A q
X3y = D wahere K = (D), [0 XU DX ) X))
Ar(g)
Proposition 11 gives then the result since D(K) = D(L) — |I;| + |J]| is smaller than

No.
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5.4 Jacobian and inverse application

We first show that, if I is J-associated with (p,e), ¢; is a local diffecomorphism. We
give in a second step estimates for the inverse application gzﬁl_l. We make use below of

Formula (14) of Proposition 8 written in a slightly different form.

%U_EWW+Z%ﬂMﬂm» (19)

lal>1

where each J(a) verifies |J(a)| = || + (o, I).

Proposition 13. There exists a constant 6o > 0 such that, if p € Q, e € |0,1], I is
J -associated with (p,€) and ¢; is the application defined from ¢1(0) = p, then, for all
u € Box(ds¢),

1

1 ALP)] < |Tor(u)] < 2|1As(p)|-

¢1 1s then a local diffeomorphism in a neighborhood of every point in Box(ds¢).

Proof. According to Proposition 8 and Formula (19) the Jacobian of ¢; at u is,
setting ¢ = ¢r(u),
Jér(u) + ) Aa utDyw)(0)

la|>1
with D(J(a)) = D(I) + (. I),
Using the same reasoning as in the proof of Proposition 11, we find constants 9,
N, and ¢y, independents of p, ¢ and I such that, for u € Box(de),

[Tor(u) = Arlg) = Y AouAyw ()] < enllul™,

1<]af<N2
and cp, |lul|™ < 1/8]Af(p)|. Remind that p = ¢7(0) and J¢r(0) = Az(p). We write

the above inequality as

[Ar(p)] + [Ar() = M) + ] D0 A Ayy(a)-

1<]a|< N2

|~

| Tor(u) — Ar(p)| <

Set Ny = (Ny + 1) Ziﬁ:l |J;|. Reducing eventually § we assume it is smaller than
dn, (On, is given by Proposition 11). Thus, if v € Box(de), ¢ = ¢r(u) belongs to
By (p, dn,e) and we can apply the inequalities of Proposition 11: [A;(q) — As(p)| <
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51A1(p)| and

2

| D MA@ < ) Il ut] On, PO A (p)]
1<]a|< N2 1<]a|< N2
< DY NGl Oy, e A (p)]
1<|a|<N2
< |ap)|s D Il Cn,
1<|a|< N2

Choose d; such that 02\, <n, [Aa| Cn, is smaller than 1/8 (and 0> < dy,). We
obtain |J¢r(u) — Ar(p)| < 3/4|A[(p)| and so the proposition.

For u € Box(d2¢), ¢; has an inverse application on a neighborhood of ¢ = ¢ (u).
Let us set gbzl = (Y1,...,¢,) with ¢;(¢r(u)) = u;. We give below estimations on

derivatives of coordinates ;.

Proposition 14. For 7 > 0, there exists 06(7) €]0, ds] such that, for p € 2, € €10, 1]
and I a family J-associated with (p, ), we have

if ¢ € Br(p,d(7)e) and if szl = (Y1, ...,1y,) is locally the inverse of ¢,
[Xe]-w(g)| < rellmlil it 2,
5 < X wile)] < 2

Proof. For ¢ = ¢;(u) in Bj(p, d2¢), we denote

q¢1 Z a;(u

The component a;;(u) equals [X,] - ¥;(¢). The formula can also be written

Xolla) =3 a <u>§%<u>. (20)

The proof goes as follows: let us write first the d¢;/0uy’s in the basis of the [X,](q)’s

thanks to (19), then inverse the coordinates matrix to obtain a;;(u).

We apply the reasoning of the proof of Proposition 11 to formula (19): we find
constants § < d9, N3 and ¢y, independent of p, ¢ and I such that, for u € Box(de),

|52 - xalo) - 3 Nwr Xowle)]| < ewlul™ @

1<|a|<N3
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with |J(a)| = [Ix] + (a,I). The I-th component of [X;)](¢) in the basis of the
[X71,](q)’s is Xg(g)(q) and satisfies (see Corollary 12):

| X o) (0)| < Oyl =i+

with Nj = (N3 + 1) 30 [ .
Let v > 0. According to the inequality just above and to (21), there exists d(k),
0 < 0(k) <9, independent of p and e, such that, if ¢ = ¢;(u) belongs to By(p, d¢),

991

Dur —(u) = [X1,](¢q) + Z br (w) [ X1, ) (

with by (u)| < kel=1il. We assume that « is small enough for det (I+ (b (u))) to be
nonzero (I is the identity (n x n)-matrix). The inverse of this matrix is (a;;) (defined
by (20)), that is

it minor;; (]I + (bkl( )))
det (I+ (b (u)))

But we have |by(u)| < kellkl=1il Therefore for a given 7 we can choose x (and so
d(k) = (7)) such that, if u € Box(d(7)e),

aij(u) = (=1)

(22)

1
ﬁ S ‘det (]I+ (bkl(u)))} S \/5,
1

|minorij (]I + (bkl(u)))| < —rellil=ILl5f 4 £ 4,

3

1 .
7 < |minory; (I + (bu(u)))| < V2.

Since a;;(u) = [X,]-¥;(¢1(w)), these inequalities and Equality (22) allow to conclude.

Proof of Lemma 7. We are now in a position to prove Lemma 7. Set first
Ny = Z?Zl |.J;|. It results from Proposition 11 and Corollary 12 that property (ii) of
Lemma 7 holds with C' = Cy, provided §; < dy,.

On the other hand property (i) follows from Proposition 13 when §; < o and
property (iii) from Proposition 14 when §; < §(2). Thus we end the proof by setting
91 = min(dy,, d2,(2), 1).
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